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VOLTERRA SERIES EXPANSION OF LASER DIODE RATE EQUATION

The basic laser diode equations are:

P'=TA(N —Nt,)(l—ép)P—imﬂrN (1)
T, T,
1, 1
N'=—1-=N-TAN-N,]J1-2P]P )
Qv 7

The expansion of equation (1) is:

=TAIN =N, — PN + N, P]P——P AN
T T,

p n
=TANP —~T'AN, P —TANP? + TAN, P? - ﬂrN
Tp 7,
=4 =£N —(TAN,, +i)P +TAN, P? + TANP — TASNP? (3)
T T

n p

Adding equation (1) and (2)

P'+N'=TA(N - Ntr)(l—ép)P—im AN, 1Ly ~TAN =N, )J1-2P)P (4)
7, T, qVv T,
P'+N'=L—i(ﬁr—1)N—iP (5)
qQv 7,
The input current is composed of the sum of I, , D.C component , | ,atime —varying component.
We thus let

| =1, +CI (6)

The Volterra expansion of the photon density and the electron density are:
P=>Cc"P, and N =>¢c"N,
n=0 n=0

substituting this expansion in equation (3) we obtain

Zc P/ = ﬂFZC N, — (CAN, + )Zc P+

nn0 pn0



+TAN, Z ZC”“”ZPW P,

n=0n,=0

+ rAi i N P,

n,=0n, =0

- FAgZ Z Z “1*”2*”3an PP,

m=0n,=0n3=0

Yukaridaki ifadenin acinini powerserisi turunden yapilir. Bu seri

0 2 00 o0 0 o0
LZ_;‘C“XJ = ;Cr‘lxmnZéC”an2 => > C"x,C"x,

= i ic”ﬁ“z X”1Xn2

n=0n,=0 n=0n,=0
0 1 2 3 4 5
=a,c" +a,C +a,c"+a,c’+a,c" +a.c’ +.....
_ 0
n+n,=0->c
1
n+n,=1->c
_ 2
n+n,=2->¢
3
n+n,=3—->¢C
_ 4
n+n,=4—->c¢
A, = XX, = X°
a = XpX, + XXy = 2X0X1
2
a = XX + XX, + XX = X 42X X,
<':13 n, n, n,
1 0 0 3
2 0 3 0
3 3 0 0
4 1 1 1
5 1 0 2
6 1 2 0
7 0 1 2
8 0 2 1
9 2 1 0
10 2 0 1
Degiskenler
g an F)n2 PnS

Terim sayisi ise

_(n+k-1)
(k=1
(n+k-1p 3+3-1

é@lnm(kse,l)m (3- 1)3|

(7)

(8)

(9)

(10)



a, =2P, + 2P, + 2P, + 2P,

NoP, +P,N; +N,P, + N,P,

N,P,P; + N,P,P, + P,P;N; + N,P,P, +

N,P,P, + N,P,P, + N,P,P, + N,P,P, + B,PP, + R,RP,

a,=2( )P, +2P, + 2P, +2P, +

N,P; + P,N; + N,P, + N,P,

N,P,P, + N,P,P, + P,P,N, + N,P,P, +

N,P,P, + N,R,P, + N,R,P, + N,RP, + R,R,P, + P,RP,
we now equate like power of “c” to obtain

For ¢°

P = ZE N, — (AN, + Ti) P, + AN, P? +TAN,P, ~TAN, P/ (4A)

n p

For ¢!

P/= iﬂ N, — (AN, +ri) P, +2FAN, P,P, + TAN,P, + N,P, ~TAZ2N P,P, + P?N, [|(4B)

n p

For c?

P = ZE N, — (AN, +Ti)F>2 +TAN, [2P,P, + P?]+ TAIN,P, + BN, + N,P]

n p

~TAZ[2N,P,P, + P2N, + N,P? + 2P,N,P | (4C)
For ¢®
. pU 1
P, = 2N, — (BN, +—)P, + TAN, [2P,P, + 2P,P, |+ TA[N,P, + P,N, + N,P, + N,P,]
T, 7,
~TAZ[2N,P,P, + P?N, + N,R? + 2N,P,P, + 2N,PP, + 2P,PN, | (4D)

Substituting the expansion for N and P in equation (3) we obtain

N

< | | 1 = 13
P+ N/ =2 4c—+=(A-DD "N, ——>c"P
gc[n+ .] PRV 2.eN, Tpgcn (5)



For ¢°

Po’+ N(’) :I_O*‘i(ﬂr_l)No _ipo
qQv T

p

For ¢!

A

v oony 1 1
A+ Nl:q_VJrZ(ﬂF_l)Nl_r_Pl

p
For c?

poN o L 1
P+ N;=—(f -)N, -—F,
7, T

p

For ¢®

b L 1
P+ N; :T_(ﬂr_l)Ns_T_Ps

p

(5A)

(5B)

(5C)

(5D)

We now solve simultaneous equations (4) and (5) for the Volterra operator N, and P,

successively.

To solve for Np and Py from equation (4A) and (5A) we note that Nj+ P, =0 since

lo=constant. Thus from equation(4A) we have

0=~ N, — (TAN,, +i) P, +TAN, P/ +TAN,P, ~TAN,P’
T

n z-p

and from equation (5A)

0=—2 4 L (ar-nN,- P,
qQv Ty

solving equation(6B) for P, we have

T T
I:>o :q_\p/lo +Z__p(/6'r_1)No

n

now substitute equation (6C) into (6A) to obtain

(6A)

(6B)

(6C)



7, P

2
T T T T
+FANOL—\"/ l, +T—:(,BF —1)N0} —FAa\lo{q—\”/ l, +T—:(,3F—1)NO}

We now expand the brackets to obtain
0=N, —(ran, + 1T,
T \Y

n p

1.7
—(FAN, +r—)T—"(ﬁF—1)No

2 2
+rAéN{T—p|O} +FA§Nt{i(ﬂF—1)} NZ
Qv r,

+2rAa\1tr;—\'}|OZ—P(ﬁr—1)No

IN, [TA
+rAZe 0 { T (ﬂF—l)}NOZ
qVv 7,

2 2
—rAé{;—\"/lo} NO—FAé{%(ﬂF—l)} N

—2FA,§;—\”/IOZ—"(,BF—1)2N02

n

Collecting terms in like power of Ny we obtain the cubic:

0= —rAér—p(ﬁr —1)} N
Tn

A

T

i rAa\Jt{Z—"(ﬂr—l)} i

n

Vi

n

i 2
_ 1% Lo
[ (TCAN,, +rp)(qv I0)+FA§Ntr(qV Ioj }

This a cubic polynomial

(AT - -2TAG e oj—"(ﬂr—l)]No

2
0=EN, —(ran, + 1 Fo 4 B g N, |+ TAN,| 21, + 22 (ar—DN,
.| qV T, qVv T,

qVv

2
o 2L ran, + T g -1+ 2rAdN, 1, (a1 + TAL 1, - TAY 21, | [N, +
T T, T, qQv ", qVv

(6D)



N:+C,N2+CN,+C, =0 (7)
in which the coefficients are:

[FAéNt{T"(ﬂfl)} + A% (ﬂrl)eréT"lol(ﬂrl)}
T, T, qQv ",
C,=— i (7A)
FAé[Tp(,BF—l)}
Tn
A% (raN, +1)(A0—1)+ 2TAN, 1,2 (Ar—1)+TA 1, —FAé(T" IOJ
c__ T, T, 7, qVr, qv qVv (7B)

FAé{T" (A —1)}
Tn

2
[— (TAN,, +1)[Tp |0]+rAa\|tr[T" IOJ ]
7, qV qVv

C,=— ' (70)
rAé[T" (A —1)}
z-n

Each of these coefficients is polynomial in Io.

Thus:
Cz =Cyp + C21|0 (8)
in which
T ? T
TAN, { (A —1)} +TA-P (A -1)
Tn Tn
Czo == 2
rAérp (A —1)}
Tn
T
1+ -2 (A -DN,
T
Czo == Tn (8A)
e (pr-1

n

and



2672

(AT -DrA
C21 = 2
FAé[p (pr —1)}
TI']
Cu= 20
qv (A -1)
Also

2
Cl =Cyp +C11|o +C12|o

in which

\E

l:FAN + }(,BF 1)

1-(CAN, 7, AT -1) 7,

FAé[T" (A —1)}
Tn

10 —

TAér, (A -1)

2IAAN. 72

— (A1) +
\V
C11 == LA 2
rAérp(ﬂr—l)}
Tn
— ZQNUTP (ﬁ[‘_]‘)-’_rn Tn
11 qVé (ﬂf _1)2
and

(8B)

(8B)

(9A)

(9B)

(9C)

(9)



Also

2
C0 = C01|0 + C02'0 (10)
in which
T
—2 | TAN, + !
qVv T,
C. =
01 2
AT
TAg| " (Ar-1)
z-ﬁ
2
_ ANz, ) (108)
01 ) 2
qQVIAZr2(Ar-1)
and
r 2
TAN, | —*
COZ - 2
AT
TAE 2 pr-1
Tn
2
T
C02 =——7 Ntr
qv (Ar-1)
1[0] N[1] P[1] N[2] P[2] N[3] P[3]
(mA)
1 -.1467259972e10 | .140006e6 .13749985e8 3102 .115969558e9 -.74338e5
5 -.1416062618e10 | .1079832e7 .68747800e8 3.099 .119777690e9 -.37108e5
10 -.1352436817e10 | .1083560e7 .124865398e9 .9191e4 .137538416e9 -24.938
15 -.1289270627e10 | .1087623e7 .130477016e9 .55110e5 .206264734e9 -6.2158
20 -.1226622294e10 | .1092062e7 .136583079e9 .100669e6 .275014463e9 -4.5184
30 -.1103158230e10 | .1102272e7 .150624473e9 .190458e6 \412517255e9 -3.5491
40 -.982715730e9 .1114680e7 .167686571e9 .278049e6 .550020907e9 -3.2053
50 -.866183936e9 .1129933e7 .188659144e9 .362797e6 .687524790e9 -3.0291
60 -.754720709e9 .1148871e7 .214700197e9 4438596 8250287679 -2.9215
70 -.649776392e9 .1172550e7 .247260097e9 .520179e6 .962532794e9 -2.8495
80 -.553037478e9 .1202197e7 .288025379e9 .590533e6 .1100036849¢e10 -2.7985
90 -.466219398e9 .1239058e7 .338711478e9 .653671e6 .1237540920e10 -2.7591
100 -.390683388e9 .1284124e7 .400679635e9 .708605e6 .1375045003e10 -2.728
500 -.18366120e8 .5013356e7 .5528527641e10 .979373e6 .6875209739¢e10 -2.533
1000 -.2646556e7 .10001924e8 .1238801435e11 .990805e6 .1375041598e11. -2.52
1238 -.3807e4 .12380000e8 .1565796988e11 .992727e6 .1702301405e11 -2.44
1239 .4970e4 .12389996e8 156717114311 .992733e6 .1703676455e11 -2.51
1300 .512759e7 129996278 .1650997879¢e11 .993102e6 .1787553974e11 -2.50
1500 .1867543e7 .14998641e8 .1925870654e11 .994088e6 .2062562220e11 -2.50




1.5 T T T T T T T T T
N[1] e
| / - 7
o5k e / N[2] ]
N 0,7 ]

15 . . . . . . . . .
0

Sekil. Koklerin fiziksel durumlari

4.5

0 10 20 30 40 50 60 70 80 90 100
lo (mA)



x 10°

R | | | | | | | | |
0 10 20 30 40 50 60 70 80 90 100
lo mA

There are three roots for No of Equation (7). For each root, there is a corresponding value of Py
obtained from equation (6C).

T T
Po:q_\pllo"'f_:(ﬂr_l)No (6C)

0 10 26 éO 4‘0 56 66 7‘0 éO 96 100
lo (mA)

for a physical solution, we require No>0 and Po>0 .We thus expect that only one of these solution
pairs satisfy this condition for any value of I, The procedure to determine Ng and Py is to use
equation(8), (9) and (10) to determine the coefficients Co, C; and C, as polynomials in 1o and
solving equation (7) and (6C) for the three solution pairs of No and Po.IF our equations are
physically proper ones, there will be only one pair for which both Ny and P, are positive and
real. This is then the physical electron density Ny and photon density Py of the laser diode as a
function of the injection current, lo.

Observe that for large values of Iy

10



2z, |,

C,~c,l,=—""—
S

2
C ~c,l2=|— |2
1 1270 (qv(ﬂl—‘_l)j 0

2

Tn

Co“%z'ozz—(mj N ls

For convenience, let

T

o =——>"2——_Then
qVv (A -1)
C, = 2al,
C,~a’l}
C, ~—a’IZN,
The cubic equation for Ny, , equation(7), then is approximately
Ng +2aNi1, +a’ 1N, —a?IZN, =0
For large values of Iy one root of this equation is approximately obtained as
a’1ZN, —a’1iN, =0
For which the solution is
N, =N,

We thus observe that, for large values of Iy , No is a constant equal to Ny . from a computer
solution of equation (7) , this is observed to be true for o> 7ma.

We this approximation, the photon density for large (lo>7ma ) is from equation (6C)

T T
P zq_\p/lo +7:(M_1)Ntr

This the equation of a straight line as show

11



m = i
p QV
Also, Po=0 for

x 10°

Ntr=5e8

N

Ntr=1e9

T

lo (mA)

100

12



TP TP

—+ 1, =—@1- /0N

TN,

I, = ﬂ(l—ﬂF)Ntr....amperes
Tn

this result is observed valid from an exact computer solution of the equation for P;>0 note that
we thus here that the threshold current =l

1= - N, . (12)
Tn

This corresponds to the numerical value obtained experimentally. Note from our theoretical
solution the threshold current, Iy is proportional to Ny which is temperature dependent and
increase with increasing temperature. However, the slope of Po — lo curves is m =7, /(qV)

which is essentially independent of temperature. We thus expect the graph of P — Iy curves to be

We now determine the first-order Volterra operator for N; and P; by solving equation(4B) and
(5B) simultaneously

P;:iﬂ N, — (AN, +i)P1 +2TAN, P,P, + TA[N,P, + N,P,]

n Tp
~TAZ[2N,P,P, +PZN, | (4B)
PN =T+ (DN~ R (50)
qQv 7,

Collecting terms in equation(4B)

P/+| TAN, + -~ 2AN, P, ~TAN, + 21“A(§NOPO}P1 = [EH“APO —rAaﬂN1 (20)
T

p Tn

This equation can be expressed as
Pl"" B,R =B,N, (21)

in which

13



B, = FAN, + - — 2T AN, P, — AN, + 2CAZN, P, (21A)
T
p

x 10"

B[1]

lo (mA)

and
B, = A, AP, —-TAP; (21B)
Tn

14

12+

10+

Bo

60 80 100
lo (mA)

Equation (21) can be solved for N; as

14



N, = ipl'—i—ipl
B, B,

We now substitute equation (21C) into equation (5B)

i 1 HB ! 1'\ 1 _1 r 1
a+—ﬂ+4ﬂ=aﬂ+—{ﬁ;jm+am—7a

0 0 Ty 0 P

collecting terms

B, 7, B,

0 n

multiplying by By

P/ BO+|31_'HF_1 P+ i_@ H:ﬂf
T T qVv

p n

n

Equation (22) is a linear differential equation

" ' B, ¢
R DR+ DR oo

In which

D1=BO+31—[E]

Tn

and

Dozﬁ—(ﬂr_lJBl

T 7

p n

The Laplace transform of this equation is
[32 +Ds+ Do]Pl(s) _ B 1(s)
qVv

or

B 1 ~
PG)=2| = |i(s
1(8) qv(52+Dls+DOJ (5)

Bi%(“z_iﬂr—lJpl,{i_iﬂr—lJa:i;

(21C)

(22)

(23)

(23A)

(23B)

15



Then
B, A
R(s)= M H,(s)1(s)

in which

1

H,(S)=———F——
1(6) s?+D;s+ D,

which can be represented as

Lo He >

Figure
Now the Laplace transform of equation (21C) is

N.(s) =[5+ BIR(S)

0

N, (s) = Ki(8)Ri(s)

L Cl

Figure

We thus have

H() — >

K@)

16



Figure

1 s+B
Hi(S)Ky(8) = —————
qV s+ D;s+ D,

So also
Sekily
| > 1 s+ B, P,
gV s*+D,s+ D,
Figure

We now examine the constants Dy and D; substituting equation (21B) into equation (23A), we

obtain
1

D, =TAN, +——2I'AN, P, ~TAN, + 2I'AN,P, +£+FAPO ~TAP] -
rn

T
p
Collecting terms we have obtain

D, =T'A(N, — N, )+ 2TAZP, (N, N, )+ TA(P, - &)

D, = TA(L-22P, XN, — N, )+ TAR,(1- ?)

Similarly for Dy we substitute equation (21A) and (21B) into equation (23B) to obtain

1
z'

n

p, - TAp TAZpe A =lpay
T Ty Tp T, 7,
pr-1 2TAN,(Ar-1)
- + P,
ToTp 7,
+ﬁr-1FAN0 _2FANR(Ar-1)
T T

n n

collecting terms,

=+

1

Th

1

R

Tp

ar-1

Tn

(24A)

(24A)

17



D, = A _1FA[N0 - Ntr]+ ZFAS(ﬂF _l)PO [Ntr - No]"'F_APo _F_Agpoz +i
7, 7, ‘L'p Z'p Z’nTp
D, =2 "trag- 2@ N, - N, ]+ LAR (- p2)+ 1 (24B)
T, ‘[p TnTp
We now observe that for large lp, No=N Thus for large I
1 1
D, =TAP,(1-&P,)+—+— (25A)
T, Ty
D, =F—APO(1—aDO)+ii (25B)
Tp Th ‘l'p
1400

1200

1000 |

800

D1/Bo

600 -

400 |

200

10 20 30 40 50 60 70 80 90 100
lo (mA)

18



18

16+

14}

12+

10+

Do

10 15 20 25 30 35 40 45 50
lo (mA)

The poles of H;(s) are the roots of

2 2
s*+D;s+D, :(s+&] —[&—DOJ
2

now

4D,
2
1

<107* so that

19



4D, , 2D,

1-—
Dl2 D12

Consequently

S, _-b 1+|1- 2D,
) 2 D12

note that if 1-2£P, ~1 , we would have
D, ~TAP, and D, ~(TAR,)/z, so that

s, = -T'AR,
1

S, X ——
T

p

18

20



x 10

10 15 20 25 30 35 40 45 50
lo (mA)
1400
1200
1000
800
[e]
Q
o)
600
400
200
0 L L L L L L L L
10 20 30 40 50 60 70 80 90 100
lo (mA)
N/ AV4
/\ /N
1
~TAP, -
T

21



Figure

Note that the system is stable. Also, are pole is proportional the Py which is proportional to I .

We now determine the second-order Volterra operator, P, and N, .For this We use equation(4C)

and (5C)

P, = A N, — (AN, +i)F>2 +TAN, [2P,P, + P?]+ TA[N,P, + PN, + N,P]

T T

n p

~TAZ[2N,P,P, + P?N, + N,P? + 2P,N,R,]

PN =t 1
P+N; ZT_(ﬂF_l)Nz_T_Pz
n p

Collecting terms in equation(4C)

P+ |:FANU +L _orAMN, P, —TAN, +2FAN,P, [P,

T

Th

This equation can be expressed as

P,+B,P,=B,N,+F,

- (E +TAP,— rAaD(f]NZ +(CAMN,P? + TAN,P, ~TAN,R? - 2IAZP,N,P)

in which By and B; are given by equation (21B) and (21A) respectively and

F, =TAMN,P? + TAN,P, - TAMN,P? — 2IAZP,N,P,
F,=FAN,R[L- 28R ]-TAZ’[N, ~ N, ]

Equation 41 can be solved for N as

N, :ip2’+ip2 _in
B, B, B,

We now substitute equation (41B) in equation (5C)

1 B L D1, (DB, (Y.

P2’+B—P2”+—1P2’——F2

0 0 0 Th B, 7

n

B0

7,B,

1,

Tp

(4C)

(5C)

(40)

(41)

(41A)

(41B)

22



Collecting terms

—PR/+
0 B, Ty B, [ Ty B, B, 7,B,

1 PAELjﬂlbjig+F;jﬂ¥D§ﬁ%:LE_UT%DB

Multiplying by Bg

PZ"+[BO+81—M}Pg+{i—ﬂsl}g:F;—([’T_l) F, (42)

T 7, T, T

n n

This equation is a linear differential equation equation

P/+D,P,+D,P, =F, - (Ar-1) F, (43)

n

In which D; and Dy are given by equation (23A) and (23B) respectively. A block diagram thus

— > Hy(s) —>

Figure

Now from equation (41B)

s+ B,

N,(6) =SB (5) -2 Fy(9)

0 0

and from equation (43)

A1
T
P,(s)=—5——"——F,(s
2(5) s> +D,s+D, :(9)
S0

23



. (S+Bl)[s—ﬂHJ
N,(s)=— ~——~—1F,(s
2(5) B,| s*+D;s+D, ()
1
F2 By (s+ Bl{s—ﬂr_lj |\|2
—> r T 1 —>
s?+ D,s + D,
Figure
Which is equivalent to
1
F2 B Bl+Dl+ﬂF_1Js+(D0+ﬂF_lBlj N2
H il n z-n H
s’ +D;s+D,
Figure
and
I:2 S L - 1) PZ
S T, >
s+ D,s+ D,
Figure

24



Now from Equation (41A)

F, =TAN,P[1- 2P, ]-TAZ[N, - N, ]
For large lo, No=Ny so that

F, =TAN,P[1- 2P, ]

which is obtained as

I%D% H,(s) >  K(S) H®—>D—>
R

Figure

We now determine the third-order Volterra operators, P3 and Ns. For this, We use equation (4D)
and (5D)

P3'=£N3—(AFNU+i)P3+rA§Nt,[2POP3+2P1P2]+FA[N0P3+PON3+N1P2+N2P1]
T, 7,

~TAZ[2NyP,P, + PN, + N,P? + 2N,P,P, + 2N,PP, + 2P,AN, | (4D)
b L 1

P3+N3:T—(,BF—1)N3—T—P3 (5D)

p

Collecting terms in equation (4D)

P/ +| TAN, +-1 —2FAN, P, ~TAN, + 2FA,§N0PO}P3 = {EJAPO —FAéPOZ}N3
T

P Tp (60)
+[2rAaN, PP, + TAN,P, + TAN,P, - TAZN,P? — 2TAMN,P,P, - 2IAN PP, — 2TAMN, P, P |
This equation can be expressed as
P/ +B,P, =B,N, +F, (61)
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in which By and B; are given by equation (21B) and (21A) respectively and

F, =[2CAN, P,P, + TAN,P, + AN, P, - [AMN,P? — 2T AN, P,P, — 2FAZN, P,P, — 2lAZN,P,P |
= 2IAZP,P,[N, — N, |+ TAN,P,[1- 24P, |+ TAN,P,[1- 26P, |- T AN, P?

Equation (61) can be solved for N3 as

N3:ip3'+ip3_i|:3 (618)
Bo Bo Bo

We now substitute equation (61B) in equation (5D)

p3'+ip3"+ip3'+i|:3' :Mi pa'_,_wi pa'_wi |:3'_i|:>3

0 0 0 Ty 0 Th 0 Ty 0 [

Collecting terms and multiplying by By we obtain

P+ {BO +B, —M}Ps# {&—MBJ% = F3’+M F (62)

T T T

n p n n

This is a linear differential equation

P/+D,P,+D,P, = FJ + (ﬂl; 1) F, (63)

n

In which D; and Dy are given by equation (23A) and (23B) respectively.
Similar to second-order operator, we have

B |

Figure

In which Fsis given by equation (61A) note that No=Nj for large
lo so that for large 10

F, =TAN,P,[1- 24P, ]+ TAN,P[1- 24P, |- TAN,P?
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Also, for 1-2£P, ~1 we have
F, =TAN,P, + TAN,P, ~TAN,P? = TA(N,P, + N,P, — &N,P?)

which is obtained as

I ~

T @/’D_g¢ o
P2>® H%

Figure

In which N3, P1 Nj, and P, are fist and second-order operator of n and P respectively. Also N3,
if desired, is obtained from equation (61B).

For linear feedback in which K=K,

Pl = H1R1 (116)
Pz = RlHZRl (117)
Ps = R1H3R1 _2R1H2{| ) Rl’ Kl’ HZ}Rl

Pa = R1H3R1 + Rle[I - RlKlHZ]Rl - R1H2R1K1H2R1 - R1H2R1 (118)

P3 = R:L[H3 + Hz[l - R1K1H2]_ H2R1K1H2 - Hz]R1
sec too #7 for linearization using NL feedback in our case,

Ki=Kg *=Kg™ (119)
note that feedback system operator ,P, are stable operators if R; is a stable operator now
1
R(S)=——"—— (120)
1+ H, (s)K,(s)
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S)= 121

Rl( ) BOK e_sto ( )
1+ 5
q s“+Ds+D,
2
R.(s) = S +Dls+é3(i< (122)
s°+D,s+D, +—2—e
The eq (27) is a stable operator if the roots of
BK -
F(s)=s*+Ds+D, +—2~g (123)
q
are all in the left- half plane.
For convenience, we define s, =t,;S =0, + jo, inwhich o, =t,c and @, =t,®. Then
B,Kt, -
F(s,)=s,” + Dpt,s, + Dyt +%e " cosw, (124)
Then
2 2 2 BO Ktoz =Sy
F (o, ®,)=0,—-o;+Dt,c, + Dty + @ "Ccosm, (125)
BKt; s, .

F (o, ®,)=20,-0,+Dt,o, - g "sinw, (126)

iR, (ahieh,) F(s,) = F. (o, @,) + JF(c,,®,) . Now F=0 if only if F, and F=0. From eq.(125)

Fi(o-n'a)n):0
Sinw q +o
1= Dt +2 " 127
p BOth[ t, + 20, Je (127)

To the equation to be stable, this equation can not have any solutions for o, > 0. Now the right side of
eq. (127) is a monotonically incresing function of o,. Thus, eq(127) has no solutions for o, >0 if
qDltO _ qDl

= >1 128
B,Kt>  B,Kt, (128)
or
k<3P _y (129)
BOtO

The range of K which the system is stable can be large since we have not considered that eq(125) must
be simultaneously satisfied. For our laser diode parameters, result of a computer simulate are

to 10 {10 |10

Kn/ 101 |1.26 |132
a
Ko

In which Ky is the maximum value of K for which the equation is stable. We thus observe that K, is a
reasonable lower bound of K for stability.
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For K¢>K>0, the system definitely is stable. For Ke[0,K,] we than have

. B 1

Rjo,)=—" B (130)
(Doto2 —a),f)+ iDt,o, + (C)] e Yon

and
R(jo,) = (Dotg - w§)+ Dy, (131)

J0n) = 2 2 . BoK —jo,

(DOtO _a)n )+ JDltOwn + q e
10 10°
§
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VOLTERRA ANALIZI ESITLIKLERI

[,=A;sin (wt+@))
j2=j12—AlSin(wt+¢l)

=%—%COS(2V%+2¢ )

Czlz—é——cos[2wt+2¢ ]

]4=A1|F3|sin(wt+¢l+?F3)

‘F3‘2G33 ?F3:¢31

j4 = A4.Gy Sin(Wt + ¢1 + ¢31)
j4 = Azsin(wt + ¢1 + ¢31)

$,=9.+9,

4:=AG

[.= AG.sinbvi+ )
[.=1.1
= Alz (;33 sin(wt + ¢2)sin(wt + ¢1)

= —A122G33 cos(qﬁ2 ¢ ) A G33 cos[2wt +¢, + ¢ ]

_ A12 G33 ) A1 G33
2

cos(g, cos[2wt +¢, + ¢ ]



j6=C1j5

_AGs ) CAG|
2 2

cos(gy,) cos(2wt + ¢1)]

j7 - j3 + js
_ A12C2 — A12C2 cos(Zwt + 2¢1)+ %COS(@)

_ @cos@wt +@ + ¢31)

A12 Cz Alz G33 Cl
— 5 + 5 COS(¢31)

- #cos(ﬁfvt + 2¢1)_ @COS(ZVW + ¢1 * ¢31)

USE MY FORMULA

B cos@wt +y, )+ B,cos(2wt +y,)
- ycos(?_wt +y, — 19)

USE WHICH

O =tan"' 4

P=B +B, cos(l//2 —‘//1)
q=B,sin(y, —v,)

sin(y ) = COS(V/ - %)
sin(ly + %j = cos(y)



A7 A
ITCZCOS(2wt + 20, )+ %cos@wt ¢ +0,)

= )/cos(2wt+2¢§1 —¢)
y=+P +¢q’

6 =tan £

q
_ A12C2 n A12G33C1
2 2
AC, A’G..C
- 12 213 cos[qﬁ2 +¢1]
_ A12C2 n A12G33C1

2

A*G..C, .

:%SIH[ZQ _¢1 _¢2]

2
=228 inlg, —g.]

2
= #Sin{_ ¢31]

_ A12 G;;C,

P

COS(¢1 +¢, —29, ) =

= P cos|g ]

q= Sin[ 31]

_ A12C2 n A12G33C1

; 5 5 cos(¢31 )— cos(2wt +2¢, — 49)

:£Q+£Qﬁl
2 2

AL
= T[Cz + Gy, C COS(¢31 )]

P COS(¢31 )

Al .
q= 71G33C1 sin(g, )

I,=4 +B, cos(2wt + ¢1)



USE WHICH:

2
4; = ATI[Cz +G;,C, COS(¢31 )]
B, =-y,
¢7 :2¢1 _¢1 _>¢7
I = 4,F(S=0)+ B,|F,(S = J2w) cos(2wt + ¢, + 22 F(S = J2w))
= A, + B cos(2wt + ¢ )
Ay = 4,F,(S=0)
By = B,|F(S = J2w)
¢y =, +22F, (S =J2w)

Iy = AgF5 (S =0) + By |F,(S = J2w) cosQwt + g + 27 F(S = J2w))|
=A,, + B,, cos2wt + ¢,,)

Ay, = A F5(S=0)

By, = By|F, (S =J2w)|

G =P + 17 F (S =J2w)
¢, =C,(C,

=C,A4, +C,B, cos(2wt + ¢,)
jlz :jlo +j11

=4, + B, cosCwt + ¢,,)+ C, A4, + C,B, cos(2wt +¢,)
=A4,+C,A, + B, cos(2wt +¢,,) + C, B, cos(2wt +¢,)

B,, cos(2wt + ¢,,) + C, B, cos(2wt + ¢,)
=y cos[2wt + ¢, — ¢]



MOW USE CALCULATE THE H;x TERMS

Hy, =C,11,
Hy, = C, A sin(wt +¢,)[4,, + By, cos2wt + ¢,)]
= C, 4,4, sin(wt + ¢,) + C, 4, A, sin(wt + @, ) cos(Qwt + ¢,,)

sin(wt + ¢, ) cos(2wt + ¢,,)
= %sin(?)wt +¢, +¢,)+ %Sil’l(—wt +é,—9,)

= %sin(?}wt +d +,)— %sin(wt +é, —9)

H,, =C,A A,sin(wt+¢,)+ %Cﬁllﬁ’12 sin(3wt + ¢, +4,,)
1 .
= _EC7A1312 sin(wt + ¢, —¢;)
. 1 .
= C,4,4,, sin(wt + ¢,) _EC7A1312 sin(wt + ¢y, — ¢,)

1 .
+ 5C7A1312 sin3wt + ¢, + ¢,,)

sinfy] = [W _ ﬂ

7| 1 T
H,=CA4A4, cos{wt+¢1 —3}—5C7A1B12 cos{wt+¢12 -9, —5}

+ %Q AB,, cos[3wt +é +dy, — ﬂ



NO MOW MY FORMULA OR PAGE 2

| 1 V2
C,A A4, cos{wt +¢ - 5} - 5C7 A B, cos[wt +, - — 5}

=C, 4,4, cos{wt + ¢, - %} + %Q A,B,, cos[wt +¢,—¢ + %}

=7COS|:WZ+¢1 —%—9}

y =P +¢’
0=tan"' L

1 Vs T
P=C,4,4, +EC7A1312 COS|:¢12 - +E‘¢1 +5}

1
=C, 4,4, +EC7A1B12 COS[¢12 —2¢, + 7[]

1
=C, 4,4, _EC7A1312 COS[ 12 _2¢1]

1 )
q :EC7A1312 Sm[2¢1 _¢12 _77]

1 .
_ _EC7AIB12 sin[2¢, — ¢, ]

1 )
= 5C7A1312 Sm[ 2~ 2¢1]

H,, = 7cos[wt + @, —%+ 6’} + %QAIB12 cos{3wt +¢, +4, —%}

Hyy =Hy + Hy,

H,, = }/cos[wt + @, —%—9}
= My COS[Wt + ¢331]

My =Y

T
¢331 :¢1 _5_9

H., =CA4B, cos[3wt + ¢, +9, —%}



= M3 COS[3Wt + ¢333]

T
¢333 =¢1 +¢12 _5

1
My = EC7A1B12

Hy = Csjljs
= C, A, A, sin(wt + ¢, | 4, + Bg cos(2wt + ¢, )|
= C, A, A sin[(wt + ¢, )]
+ C A, By sin(wt + @, )cos(Zwt + ¢8)

. 1 . 1 .
sin(wt + @, ) cos(2wt + ¢, ) = Esm(3wt +@ +d)— Esm(wt +ds — )
H, =C,A4 A4, sin(wt + ¢1)—%C5A1B8 sin(wt + ¢, — @,)
+ %CS A, By sin(3wt + ¢, + ;)
sin(y) = cos(w - %)

T, 1 V4

H; =C A A4 cos(wt + @, _E) —ECsAlB8 cos(wt + @, — ¢, _E)

+ %CSAIBS cos(3wt + ¢, + dy —%)

MOW USING MY FORMULA ON PAGE 2

CA4, A4, cos{wt + ¢, — %} - % CA4, B, cos[wt + ¢y — P — %}

1
= C 4,44 cos[wt + ¢, - %} + 5 C;A, B cos{wt +d — ¢ + %}

=;/cos[wt+¢l —%—9}

y=AP+q’



0. = tan ™' 4

1 T T
P = C5A1A8 +EC5A138 COS[¢8 —¢1 +3—¢1 +Ej
1
= C, A A, +EC5AlBg cos(¢, —2¢, + 1)
1
= C, A, A, —ECSAlBg cos(¢, —2¢,)
1 .
q= ECSAIA8 sm(2¢1 — @ — 72')

1 )
= ECSAIBS s1n(¢58 - 2¢1)

H, = 7/cos{wt+¢1 —%—0}+%C5A138 cos(3wt+¢1 + &, —zj

2
= H311 + H313
Hyy, = mg COS[Wt + ¢61]
Mg =7
VA
¢61 = ¢1 _E_H
Hyy =mg, COS[?’Wt + ¢63]
1
Mgy = ECSAIBS
T
¢63 = ¢1 +¢8 _E
H32 = C6I4I8
= C, A,G,, sin(wt + ¢, )[4, + B, cosQwt + ¢,)]
C, > C,Gy,

H,, = ;/cos[wt + 4, —%— 6’} + %C()GBAIB8 cos{?»wt +@, +d _ﬁ}

2

0=tan" L
P



1
P=CiGy; 4,4, _5C6633A1Bs cos(@; —2¢,)

1 )
q= EC()GBAIBS —sin(@, —2¢,)

H32 = H321 +H323
Hyy =my, COS[Wt + ¢71]

my; =7

4
b= _E_H

Hyyy =mygy COS[3Wt + ¢73]

1
My = ECGGBAIBS

T
¢73 :¢1 +¢8 .
2
H34 = C81214
Al A

I, = 7—71005(2wt +24,)
I, = A,G sin(wt +¢,)
A2
H, = 71[1 —cos(2wt +2¢,)]4,G, sin(wt + ¢,)

- %Aﬁ G, [1 —cos(2wt +2¢, )][sin(wt +¢, )]

CSAI _)%AiG?aS
b — 9,

¢y — 24,

4, =1

B, =-1

H, = ycos(wt + ¢, —% - Hj + %%AﬁGB =1 cos{3wt +¢, +2¢, —%}

- 7cos(wt + ¢, —%— 6’) _iAEGB cos[3wt + 0, +2¢, —%}



ycos(wt +@, — % - 9) + %AEGB cos{f&wt +¢, +2¢, + %}

y =P +¢q’
6’=tan_li

1 11
P= EAISG% + 55A13G33 cos[24, 2, ]
1 3 1 3
=2 A’Gy, + ZA1 Gy, cos[2(¢, — ¢,)]
11 .
g =55 4G, (-Dsin[2g, ~29,]
1 .
- _ZA13G33 sin[2(¢, — ¢,)]

— +%A13G33 sin[2(¢2 - ¢1)]

H34 :H341 +H343
H,, =mslcOS[Wt + ¢81]

meg, =7
b
¢81 = ¢2 _5_‘9
1
m83=ZA1 G,

T
¢83 :¢2 +2¢1 +E

WE ARE MOW AT

Hyy = Hyy, + Hyy,
Hy = Hy, + Hyy,
Hy = Hyy + Hayyy
Hy =Hy, +Hyy,
(33 +H ;) = myy, cos(wt + @y;,) +my, cos(Wt + @, )



Var = COS(Wt + i — ea!)

Va0 2 Va :\/1)4421+qu

-1 qa
p,
Py, = P, = my; +mg cos(0y, —0s3)

0, =tan <« 0,y

G200 = G = Mg SIN(O33, — 6;))
Hyy + Hyyy + Hyy =y, cosS(WE+ @y —0,,) + m,, cos(wi + ¢,)
=¥y COS(WE + Py — 0, —6,))

Vaor = Vm :V])l;21+q51

—1 9
0, =tan” ==« 0,

Py
Py, = B =y, +mg cos(0; -0y, +0,)
Gror = qpy =My sin(Oy;, — 60, —0,))

Smal = (H331 +H321 +H321)+H341
S par =V COS(WE + 033, =0, —0,,) + my, cos(wt + 6y, )

Spat =V COSWE+035, -0, -0, —0,,)

7/01 = V})c?-i_qczl

- 4
pcl
P, =y, +mg cos(dy — @iy +60,,+0,))

q. =My, Sin(@yy, — 6, =0, —d)

al

0., =tan

Sy =Hyys + Hys + Hypy + Hyyy
17.SAYFA
Hyyy + H 3 = My cOSBWE + sy ) + mg; cos(3WE + @y )

=V 03 COSBWE + P13y — P 5)

V230 Va3 :\/%23"’"153

1 9a3.
pa3

0, = tan



Py > Py =myy; +mg cos(Pg; — @s33)
G230 = Qo3 = Mgz SIN(P335 — Pg3)
(Hyyy + Hyp3) + Hypy =75 COSGBWE + @3y — @,5) + My cOSBWE + ,5)

=43 COSGBWE + Py3s — B3 —0,3)

V31 ™V :\/sz3 +q;3

2

1 93
2
b3

Py > Py =y, +my COS(Py3 — hy33 +0,5)

Gp31 —> 3 = Moz SIN(P3; — Py — Pi3)

0,, =tan” 0,

S s =(H333 +Hyp, +H323)+H343
=¥ 43 COSBWE + Py — 0,3 — 0,3) + my; cosBwr + ;)
=¥ .3 COSGWE+ @y =0, —0,, —0,5)

V2 =73 :\/Pc23 +C]f3

2
19
2

c3

Py > Py =y, +myg COS(Pg3 — a3 + 0,5 +0,3)

Qo3 = oy = Mgy SIN(Py33 — 05 — 0,5 — Pg3)

0., =tan «—0,,

S0 =S + 8,0

S =Vacos(wt+¢,,, -0, -6, —6,)

S2s =V ez COSGWE+ @53 —0,, =0, —0.5)

F10=F6.R1

PH, = PH, + PH

PH,,, =|F10(S = Jw) =6, —0.)+KF10(S = Jw)
PH ., = |F10(S =J3w)y ., cosGBwt + ¢y =0, —0,; —0.;) + kF10(S = J3w)
I, = Ay + By cos(2wt + @)

I, =—A,Kq, + B{Kq, cos|2wt + ¢, + = — 2w]

Ve COS(WE + @y — 0




Ly=1,+1

=1I,, + usin(wt)

= —A,Kq, + uSin(wt) + B,Kq, cos[2wt + ¢, + 7 — 2w]

I\g =—A4,Kq,Z,(S = 0)+ 4| Z,(S = Jw)|sin[wt + kZ,(S = jw)]
+ A.Kq, cos[2wt +@+m-2w+kZ, (S = j2w)]

=A,, +Clésin[wt +O, ]+ B cos[2wt + ¢162]
As=—4,Kq,Z,(S =0)

C = 1 Z,(S = Jw)|

b = b =KZ, (S =Jw) > ¢,

By, = BiKq,|Z,(S = j2w)|

by =P + 7 =2Ww+kZ, (S =J2w)

I, =12 =[4,, + C\ sin(wt + @,,) + By, cos(2wt + d, )]
=2A4,,C,s sin(wt +@,,) +2C (B, sin(wt + @, ) cos(2wt + ¢, )
=24,,C\¢ sin(wt + ¢,,) + C,; B, sSIn(Bwt + @y, + @y, )

+ Ci B sin(-wt + ¢, — ;)

=2A4,,C,s sin(wt + @,,) — C, B\, sin(wt — @y, + @,) + C (B, sSin(Bwt + @, + &,,)

s T
24,,C,; cos(wt + ¢, —5) + C( B, cos(wt = @y, + @, +5)

T
=y,, cos(wt + ¢, _E_¢17)

V17 :\]Pé +CI127
-1 47

17

0,, = tan

T VA
B, =24,,C,+ C16816C0S(¢162 -, +5_¢11 +E)
=24,,C\s — C\4B\sCos(d, —26,,)
. T T
4,7 = CléBléSln(¢1l _5 _¢162 +é, _5)

= —C16816Sin(2¢11 - ¢162 )



T .
1; =y, cos(wt + ¢, _E —0,;)+ Ci(Byg sim(Bwt + ¢y, + ¢, )
=717 cos(Wt + 7)) + Cy By SInGwt + /)
T
Yin =P, _5_917
Wi =0, + P

j18 = Czjw

=C,y,; cos(wt +y ;) + C,C By sin(3[wt + l//173])
150 = Ajg.cOS(WE + g, ) + By SINBWE + ;)

A =Coyyy

By = C,CByg

i19 = A F(S=0)+ C16|F3 (§= jW)|Sin[Wt +é, +KI5(S = ]W)]
+ Big|Fy (S = j2w)|cos2wt + @y, +KF (S = j2w)]
I, = A,y + C,y sin[wt + o, |+ B,, cos[2wt +y,,, |
A4, = AcF5(S =0) > F;,

Cy = C16|F3 (= JW)| — F

By, = B\ |F,(S = j2w)| = F},

Wit =Py +KE5(S = jw) > F5, > ¢y

Wiy = o + KF(S = J2W)Fy, — ¢y,

jZO:jlﬁ'j19

I,= [A19 +C sin[wt + W ]+ B cos[2wt + Wi ]1
[Alé +Cg Sin[Wt + ¢11]+ B COS[2W1 + P ]]

AGAIN WE ARE ONLY INTERESTED IN THE ... HARMONIC
TERMS. THEY ARE

= A,yC\gsin(wt + @,,) + A,,C,o sSin(Wt + 5, ) + Co By SIN(WE+ /).

cos(2wt + @y, ) + C B, sin(wt + ¢, ) cos(2wt + v/, )

) _ ) 1 )
= A4,,C\sin(wt + @,,) F 4,,C,o sin(Wt + ;) + EClgB16 sIn(3wt + v, + Pyg)



1 ) 1 .
+ 5C19Bl6 Sin(—wt + Wy, — P, + ECmb sin(3wt + ¢, +¥,o,)

1 )
+ ECmb sin(—wt + ¢, —¥,o,)

I, = A4,yC g sin(wt + @) + A, Cio Sin(WE + /)

1 . 1 )
- 5C19B16 sinBwt + @y, —Wq,) — ECmBm sin(wt — @y, +,o,)
1 . 1 )
+ 5C19B16 SInBWt + @y, + W) + 5C16B19 sin(3wt + ¢y, +¥o,)
T T
A,,Cc cos(wt + @, — 5) + A,,C,y cos(Wt +y,, — E)

T
= ¥ 200 COS(WE + @), _E —0,5,)
2 2
7300 = Y200 =N Proa T 9204

920(1 — tan—l qZOa
20a
T T
Pyyy = Py, = 4yC g + 4,,Cy cos( g, _E - +E)
Pyyy = Py, = A1gCis + A4,C o cOS(W 9, —@y,)

. T T
9300 = 9200 = A16Clo Sm[¢11 _3_ Vi +5}

G200 = A16Co Sin[ T ‘//191]

V4 1 b
=7 204 COS{Wt +é, - E =0y, } + EC19Blé COS{Wt —Vyg T + E}

T
V306 = Y20 COS‘:Wt + @ _5 — 0,0, — 920b:|

_ [p2 2
V206 = Paos + 920

_ ~1 90
0,,, =tan ——

20h

1 T T
Pyoy, = Py =7 204 +EC19B16 COS|:_ Wior + D +E_¢11 +E+ezoa}



1
= 7204 _ECme COS[¢162 —Vio — 0, + 920(1]
1 . T T
9300 = 9200 =§C19Blﬁ Sml:¢11 _E_ezoa + W10 — i _E}
1 )
= +ECIOBI6 Sm[¢162 ~ Wi — P+ 020a]
T 1 )

Vo1 = Va0 COS| WE+ ), _5_ 000 — O _ECmb Sm[Wt — ¢, - ‘//192]

T 1 ) T
=¥ 200 COS| WE+ @), _E_gzoa — 60, +EC16319 sin| Wt — @y, + @, +E

T
V302 = 7201 CO{W’? +é, - E — 050, — O — ezoc}

2 2
V300 Vo0 :\lpzoc +q2c

9200 — tan™ 9c
20C
1 b4 T
Poe =720 +ECIGBI9 cos| — @y, + ¥, +E_¢11 +E+020u + 0,

1
= Y0 _ECmb COS[+ Wiy =20, + 0y, + 0201;]

1 ) T T
9. = EcleBw Sm|:¢11 _E - 920(1 - onb + ¢11 ~Yin _Eil
1 )
= _ECmb Sm[2¢11 — V9 — 0y, — ‘9201;]
1 )
= +EC16BI9 Sm[‘/’wz =20, +0,, + 0201;]

1 ) 1 :
= ECwBle Sln[3Wt TW¥in t ¢162]+ ECmb Sm[?’Wt +Wip t ¢11]
1 T T
= E|:C19Bl6 005{3"‘” Wi + P _5} +Ci6Bs COS[:)’Wt +W + —Eﬂ

T
=703 COS|:3Wt Wi T Py — 5 - 6203:|

1
V03 = E\/ f)Z%B + %203




T T
Py =CyBis +Ci4Bg COS{¢11 +¥in _5_ Yior — Disa +E}
=CyB,s +CisBiy COS[¢11 T¥i0 Wi — ¢162]
. T T
9203 = CisBio Sln|:l//191 + @i _5_¢11 —¥i9 +5}

= Cl()Bl9 Sin[l//l9l + ¢162 - ¢11 - l//192]

. T
Ly =70 COS|:Wt+¢11 _5_92% =6y, _ezoc}

v
+ 7201 005{3"” Wi+ Py — E - 9203}
i21 = C1j20

T
=C1¥a01 COS|:Wt +é, - 5 =0y, — O, — 92OC:|

A
+ C17 503 005[3"” FWio + Py — E - 9203}

izz = jl8 + j21
=Cyryy COS[Wt + '//191]"' C,C B Sin[?’Wt + l//173]+ Ci7 a0 COS[Wt + ‘//211]
+C7 0 COS[3Wt + l//213]

T
Von :{¢11 _5_92% =6, _‘920{;:|

T
Vo = {'/’191 + @i _E_ 9203:|

SO FIRST HARMONIC .....??
=Cyryy COS[Wt + ‘//171]"' Cy7 20 COS[Wt + l/’zn]

=Cy, COS[Wt T¥in - 9221]

2 2
V201 :\/Pzzl + 4

Py =Cuyy +Ciyyy COS[‘//zzl - ‘//171]
d21 =C1Va0 Sin[Wm - ‘//211]

AND THE 3 ND HARMANIC...??



= C,Co By sin[3wit + 7,5, ]+ €y gy coswi + 7, |

T
=C,C (B, COS{:SWZ‘ t¥i5 _E} +C17 503 COS[3Wt + W213]

T
=7V 005{3"” TWi; — 5 - 0223}

2 2
Vs = \/P223 + G

_ 1923
0,,, =tan” —

223

T
Py =C,Ci4Bis +Ci7 o, COSI:‘//m —VYit 5:|

. T
G203 = C 103 SIN| Y15 _E_ Vs

. T
Iy =¥ COS[Wt +Yy — Oy ]"‘ Vo COS{?’WI tV¥;5— 5 - ezzs:l
PH;, = 7221|F10 (= ]W)| COS[Wt +Wig — Oy +KF (S = JW)]
. T .
+ 703 |F10 (8= J3W)| CO{?"W TWi; — 5 — 0,y +KF (S = J3W)}

= PH ), + PH ),
PH ), = 7221|F10 (§= JW)| COS[Wt + Wi — Oy +KF (S = JW)]

. T .
PH 555 =75 |Flo(S = ]3W)| 003[3“’1‘ Wi _5 =0,y +KF (S = J3W):|

Py = PH; + PHy, = PHy,, + PHy\; + PHy, + PH o,

= Ppyy + Ppsy

Ppy = PHy,, + PHo,, =|F,o (S = j3w)|y, cos

[Wt+¢331 =0, -0, -0, +xF(S= JW)]

+7221|F10 (§= j3W)| COS[Wt +Wig — Oy +KF (S = JW)]
= Z,,Cos[wt + ¢;, =0, =0, = 0., +&kF, (S = jw)]

al



Zy = |Flo(S = jW)|\/ ])321 +Q321
e

31

0,,, = tan

P31 =7Yc TV COS[V/17| - ‘9221 _¢331 + Hal + ebl + Hcl]
431 = Vo Siﬂ[@m —Win — Py — 0, — 0, _Hcl]

PP33 :PH313 +PH323

= 7C3|Flo(S = JW)| COS[3Wt + i3 =0, =0, =0, +KF (S = j3w)]

. T .
+ 723 |F10(S = ]3W)| Cosl:3Wt + Wi _5 — 0,3y +KkF (S = ]3W)}
=7y COS[?’WI t iy =0, =0y — 0,5 +KF (S = j3w) _0P3]

Zy, :|F1()(S = j3W)| P3§ +Q323

33
T
Py =3 + 7203 COS| W _5_9233 P33 — 0,3+ 0, + 0.,
=Yes vV COS[‘/’m —0y =y +0,,+0,, + ‘903]
. T
433 = Vo3 Sm{¢333 0,0, 00—y + E + 9223}

=73 COS[¢333 0,0, =00,y + 9223]

Py = Ppyy + Py

Py =2y, COS[Wt + @35 =0, =0, =0, +KF (S = jw) _‘9133]
Poy =25, COS[3Wt + i35 = 0,5 =0, =05+ kF (S = j3w) - 91)3]
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