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The existence-uniqueness criteria of nonlinear fractional integro-differential
equations of variable order with multiterm boundary value conditions are con-
sidered in this work. By utilizing the concepts of generalized intervals com-
bined with the piecewise constant functions, we transform our problem into
usual Caputo’s fractional differential equations of constant order. We develop
the necessary criteria for assuring the solution’s existence and uniqueness by
applying Schauder and Banach fixed point theorem. We also examine the
stability of the derived solution in the Ulam-Hyers-Rassias (UHR) sense and
provide an example to demonstrate the credibility of the results.
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1. Introduction

The fundamental idea behind fractional calculus
is simply to replace the traditional integer orders
in integral and differential operators with arbi-
trary constant orders. Although it seems an el-
ementary consideration, fractional order opera-
tors play an important role in describing many
physical phenomena and have interesting impli-
cations. [1},2].

The introduction of the notion of variable-order
(VO) integral and differential operators together
with their some main properties was firstly initial-
ized by Samko and Ross 3] in 1993. By these op-
erators, one can define the order of the fractional
integral and derivative as a function of indepen-
dent variables such as time and space variables.
In view of the characterization of the non-fixed
kernel, this operators allows us to designate the
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memory and hereditary features of natural phe-
nomena in a better way. By virtue of its poten-
tial efficiency to model real world problems, this
topic has attracted many researchers in ongoing
decades. In this direction, lots of papers have
been published on different branches of science
and engineering such as viscoelasticity, medicine,
signal processing, control systems, so on [4-7].
Since its difficulty in getting an explicit solutions
for fractional differential equations of VO, many
papers have been devoted to find numerical solu-
tions for this type of problems. See [8-13] and the
references cited therein. Hovewer very few paper
on existence, uniquness and stability properties
of fractional variable order differential equations
have been published recently [14-20].

When we conduct an overview of the literature,
increasing number of authors from several areas
of the scientific community have focused on inves-
tigating the existence and uniqueness of fractional
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constant order differential and integro-differential
equations [21-26].

In [27], Devi et al. studied the following Caputo’s
fractional boundary value problem by taking into
consideration the monotone iterative technique.
{ CDIy = F(t,u, I9(u)) + G(t,u, 19(u)),
9(u(0),u(T)) =0
where 0 < ¢ < 1. As a consequence, it has been
shown that the established monotone flows con-
verge uniformly to the coupled extremal solutions
of the considered problem.
In [28], some sort of stability results were studied
for fractional integro-differential equations involv-
ing Hilfer fractional derivative 1 Dg‘f Y () with
0<a<land0<pB<1.
In particular, Bai and Kong [29] considered the
existence of the solutions for the following initial
value problem

{ “Dgiy(t) = f(ty(t), I y(t), t € la,b],
y(a) = Zaq,

by employing the upper and lower solution ap-
proach. The operators CD8‘+ and [ stand for
the Caputo-Hadamard fractional derivative and
Hadamard fractional integral operators of order
a € (0, 1], respectively.

Motivated by the preceding works, we deal with

the following boundary value problem on J :=
[0, b] such that

{ Dyt = By, I v®).
y(0) =0, y(b) =0,

0,

where 1 < u(t) < 2 and CDgf), Iéﬁ(rt) are consid-
ered as in the sense of Caputo fractional derivative
and integral of variable-order u(t), respectively.
Our purpose is to investigate the existence and
uniqueness of the solution of equation . We
further show the stability of the solution in the
Ulam-Hyers-Rassias (UHR) sense.

2. Mathematical Preliminaries

This part covers some fundamental concepts and
lemmas that will be needed to understand the
main theorems discussed in the subsequent sec-
tions.We also introduce some of the specifications
for variable order operators.

Let C(J,R) denote the the set of all real-valued
continuous functions from J into R. For an el-
ement x € C(J,R), define the standart norm
x|l = Sup{|x(t)| : t € J}, and with this norm
C(J,R) becomes a Banach space.

For —oco < t1 < t3 < 400, let the mappings to
be defined w(t) : [t1,t2] — (0,400) and v(t) :

[t1,t2] — (n — 1,n). Then, the left Riemann-
Lioville(R-L) fractional integral of VO w(t) ( [30])

is given as

u(t)m B t (t— s)“(t)—lm e
Itir (t) —/t1 7F(u(t)) (s)ds, t>t1, (2)

as well as the left VO Caputo derivative ( [30]) is
defined by

t (4 \n—u(t)—1
Cyp(t) (t—s) (n)
D t) = _ ds, t>ty.
" m(t) /tl T — o(0)) m\"™ (s)ds, >( )1
3

These definitions, as expected, correspond with
the usual R-L fractional integral and Caputo frac-
tional derivative, respectively, when w(t) and v(t)
are constant.see e.g. [3},30,31].

Lemma 1. ( /31]) Let o1, 02 > 0, t; > 0,
m € L(t1,t2) and CDt+m € L(ty,t2). Then, dif-
1

ferential equation

¢ ng(t) =0
has the following general solution
m(t) = ag+ar(t—t1)+ao(t—t1) 2 +...4om_1 (t—t1)" !

wheren —1 <oy <nanday (¢ =0,1,....n—1)
are taken as arbitrary real numbers.

From that Lemma we deduce the next relation
IZ; CDZ;m(t) =m(t) +ag+ a1t —t1)
+oag(t —t1)? + oy (t—t)" !

Furthermore,
CD;’IjIgm(t) = m(t).
and
It(’flg?m(t) = ijfjlgm(t) = I;’Tﬁﬂm(t).
Remark 1. ( [32]) It’s worth noting that the

semigroup property isn’t mostly satisfied by gen-
eral functions u(t), v(t), i.e.,

I:T(t)lgft)m(t) ” Jz‘lft)*”(“m(t).
Definition 1. A function p € C(J,R) is said to
be a Cs class function if it belong to the set
Cs(T,R) = {n € C((0,8].R) : th € C(T, R)}
for0<é6<1.

Lemma 2. [13] Assume that u : J — (1,2) is
a continuous function and m € Cs(J,R). Then

the fractional integral Igﬁt)m(t) of variable order
exists for each point on J.

Lemma 3. ( [15]) Let v € C(J,(1,2)) and
m € C(J,R) then I'"m(t) € C(J,R).

We now give the well-known Schauder fixed-point
result.
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Theorem 1. ( [31]) Assume that E is a Banach
space and @) is a nonempty conver subset of E
and moreover F' : (Q — @ is compact, and con-
tinuous map. Then, there exist fized points of F
mn Q.

Definition 2. ( j23]) The equation is called
Ulam-Hyers-Rassias (UHR) stable with respect
to the function ¢ € C(J,R") if there exists
cg > 0, such that for any € > 0 and for each
solution z € CY(J,R) of the inequality

ODy2(8) — B(t, (1), 1 2(0)] < ewt), te T,
there exists a solution y € C(J,R) of equation
with

|2(t) —y(t)] < coetp(t), t € .

3. Existence Results

Let us begin with introducing the following as-
sumptions:

(Hl): Let P = {jl = [O, bl],jg = (bl,bg],jg =
(b, bs], ...Jn := (bp—1,b]} be a partition of
the interval 7, and let u(t) : J — (1,2] be
a piecewise constant function with respect

to P, i.e.,
ut, Zf te g,
. u2, Zf t e Jo,
u(t) =Y ugly(t) =
=1
Up, 1f tE€ Tn,

where 1 < uy < 2 are constants, and I, is the in-
dicator of the interval J; := (by—_1, by],
¢=1,2,...,n, (with by = 0, b, = b) such that

1, forteJ,
0, for elsewhere.

I(t) = {

(H2): Let t°¢ : 7 x R x R — R be a continuous
function (0 < ¢ < 1), there exist constants
K, L > 0, satisfying the inequality
t5|@(t7 w1, Zl) — @(t, wa, ZQ)‘ S K\wl — w2|
+L|Zl — ZQ|,
For each ¢ € {1,2,...,n}, the set E, = C(J;,R),
represents the Banach space of continuous func-
tions y : Jy — R equipped with the sup norm

lyll &, = sup [y(t)],
teJy

where ¢ € {1,2,...,n}
We now analyze BVP defined in . On account
of , the solution of can be stated as

S)l—u(t)
(1)), (4)

|y v s = ate o). 5

for t € J. If we employ (H1), the foregoing equa-
tion can be written as

b (t - 5)171“ "
/0 my (s)ds + ...

t — g)l—we
N /b U= 8) ™ ns)ds = B(t, (), T y(1))

(2 —uy)
()
forte Jp,£=1,2,...,n.
The solution to the BVP (1)) will be introduced
in the following definition.

Definition 3. BVP has a solution, if there
are functions yp, = 1,2,...,n, such that y, €
C([0,be],R) satisfying equation (3) and boundary
conditions yy(0) = 0 = yp(by).

Based on the preceding observation, BVP can
be represented as in and, with considering
Jo,l € {1,2,....,n} as in (f).

Since we define y(t) identically 0 for ¢ € [0,by_1),
then the equation is expressed as

Dy y(t)=(ty(t). L (1), te T
-1 -1

We shall deal with following BVP
CDY y(t) = Bt y(t) I y(t))
y(bf—l) = an(bf) = 07

for t € Jy. On the way to achieve our purpose,
the upcoming lemma will play an important role.

(6)

Lemma 4. A function y € E; establishes a so-
lution for (@ if and only if y fulfills the integral

equation

t—bp— U U
y(t) = ——— = [T d(t,y(t), I y(t)
be—bp_1 | i1 -1 t=by
I Bt y(1), I y(t).
{—1 £—1
(7)

Proof. We first assume that y € FEy is solution

of the problem @ If we apply the fractional op-

erator I:j;’ to both sides of (ﬁ) and considering
—1

Lemmal [I} we obtain
y(t) = ar+as(t—bea) + i fy, (E—5)" !
<85, y(5), 1% y(s))ds

£—1

for t € Jy. By y(by—1) = 0, we get a3 = 0.
Taking into account another boundary condition
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y(be) = 0, it follows that

0 = Oég(bg—bg_l)
+ 1 /bé (b s)“‘f_1
- . —
I (up) bo_1
xP(s,y(s), Ib+ y(s))ds
az = —(by— bZ—l)illgLf 1@(t,y(t),[éf 1y(t))
- - t=by

Then, we observe that
y(t) = —(be—be-1)
I

Nt —be-1)
O3 o(0)

TORKITON

On the contrary, let y € Ej be the solution of
integral equation . Taking into account the
continuity of function t°® and using Lemma ,
we conclude that y is the solution of the problem

(). O

We can now show our first existence result which
is based on Theorem

Theorem 2. Assume that conditions (H1), (H2)
hold, and if

2(be—bg—1)"“e~ (b 0~y 9 (be—bg_1)"¢
oty K L)

then, there exist at least one solution for the prob-

lem(@onj.

Proof. Let us set the operator W : E, — Ey such
that for t € Jy

Wy(t) =

t=by

+ LY 2t te .
—1

<1,

—(bg = bg1) " (t = bp)
<[ty ateate. s )

g J, =0
X B(s,y(s), 1 y(s))ds.

The operator W : Ey — FEy descrlbed in 3.1 is well
defined, as seen by the properties of fractional in-
tegrals and the continuity of function t°®.

Let

t=by

+

2mg (bg—by_1)"¢

T(up)

> 4
sl . Q(bl_beil)uéfl(b}—é_ —

Ry :
/—1
o) ug) (K+L

(bp—bg_1)%e )’
T(up+1)

with
1o = sup [(t,0,0)].
teTy
We generate the set

Br, ={y € E¢: |lyllg, < Re}.

It is clear that Bg, is nonempty, closed, convex
and bounded.

Now, we will see that W satisfies the claims of
the Theorem . We demonstrate it by using
following stages.

STEP 1: We show that W (Bg,) C
For y € Bg, and by (H2), we get

(be—be—1) 1 (t=bg_1)
Wy(t)| < bt b

% fbbf,l(bﬁ _ S)ue—l

x|P(s,y(s), I y(s))lds

(BRz)'

¢ wy—
+ﬁ fbé—l(t o 8) o

x|P(s,y(s), I y(s))lds

= F(W) fbe 1 (be — ) W_l

x|®(s,y(s), It y(s))lds

b wy—
= r(i,g) fbf,l(bf — )t
x|D(s,y(s), Ib+ y(s)) — 2(s,0,0)[ds

fbe (be = 5)" M (s,0,0)|ds

b w1 —
< F(i,g) fb/f_l(bf —s)ets™

X(Kly(s)l + LTt y(s)l)ds

il

2(bg—bg_1)¢ 1

< T'(ug)

fb(’ 1

X (K + L 2=y (s)|ds

2n0 (bg—bg_ )“Z
T T'(ug) '

2(by—bg—1)"e " (by°—b,~9)
- (1=6)T (ue)

x(K + LU )R,

< RZa
which yields that W (Bg,) C Bg,.

STEP 2: W is continuous.
We assume that the sequence (y,) converges to y
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in Ey. Then,
[(Wyn)(t) — (Wy)(t)]

< (be—be—1) " (t—be_1) [be (b

_ g)ue—1
= T(ug) be_1 5)

X |@(s, yn(s), Ib+ yn(s)) = s, y(s), It y(s))lds

X< |P(s,yn(s), It yn(s)) = (s, y(s), I u(s))lds

. bg—sw |
X |P(s, yn(s), Ib+ yn(s)) — D(s,y(s), Ib+ y(s))|ds
7 o 570 (b — sy

(Klyn(s) —y(s)| + LI:f lyn(s) — y(s))])ds

W)Hyn Yl &, fbg 1 s 0(by — 5)" " ds

\ /\

X

+ r%fe)HI:f (Yn — )|l B, sz ) 5(by — s)“~ds
- W)”yn yle, fbf,l s79(by — s)ue1ds
—(%b+ﬁgﬁﬁlﬂw vz,

x [ s70(by — sy ds

< 2(be=be1)"™ L' =0 —bp_1179)
- (1=0)T (ue)

(be—by
X (K + LG

[(Wyn) —

As a consequence, the operator W is a continuous
on Ey.

)H?Jn y||E, i-e., we obtain

Wuyllg, -0 as n— oo.

STEP 3: W is compact.

We will prove that W (Bpg,) is relatively compact,
which means that W is compact. In view of step
1, W(Bp,) is uniformly bounded. Namely, we
have W(Bg,) = {W(y) : y € Bgr,} C Bpg, thus
for each y € Bgr, we get [|[W(y)||g, < R¢ show-
ing that W(Bg,)is bounded. Finally, It must be
demonstrated the equicontinuity of W (Bg,).

For t1,t2 € Jp, t1 < t2 and y € Bg,, we write

[(Wy)(t2) — (Wy)(t1)]
_ —1(to—
_ ‘ (b b4_112(u[()t2 be_1) biz,l(bf _ S)W_l

x ®(s,y(s), f;ﬂ’f y(s))ds

) Joe (2 = 9)" ' (s,y(s), If y(s)ds

+ (bg—by_ 112(W()t17bz71) bbf,l(bz

X B(s,y(s), % y(s))ds

ooy Jor, (t1 = 8)" 7 (s, y(s), I y(s ))ds|

gﬁ%%g—ﬁh—w4y4h—@4g

X Jyt (be = 8) @ (s, y(s), It y(s))lds
i i, ((t = syt = (1 = syt

X |(s,y(s), Is y(s))lds

Ug) f lo — s ue 1‘@(8 y( ) Ib+ y(s))’ds

_ S)ug—].

gﬁ%%L(@—wqw%h—wﬂﬁ
X fbil_l(bﬁ s)“ (s, y(s), Ib+ y(s))
— &(s,0,0)|ds

(be—by_1) "
+ (e
X biil(bg—
rtiy oy (2 =907 = (01 =9
X [B(s,y(s). It y(s)
rt i (02 =907 = 0 )

x [@(s,0,0)|ds + s )7

—bp1) — (t1 — be—l))

s)“=td(s,0,0)|ds
— &(s,0,0)|ds
(tg — S)W_l

x |2(s,y(s), It y(s))

uz) f

— &(s,0,0)|ds

ty — 8)“~1|®(s,0,0)|ds

g +<< -t
b= By, 5 ()
— @(S,0,0)|ds

1
4 % ((t2 — bg,l) — (tl - b@*l))

s)" 1 ®(s,0,0)|ds
w) sz 1 ( to— )"t — (1 — s)“’f—l)
X |D(s,y(s), [b+ y(s))

rt i 1< 2= )" 1—(751—8)W_1)

X [B(s,0,0)|ds + py Ji2 (t2 — 5)"

be

— &(s,0,0)|ds
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&(s,0,0)|ds

i S (82 — )" (5,0,0)|ds.

i (12 = bm) = (11 - beﬂ))

sz (by — s)“~tds

e (e

x (Kly(s)| + LIt y(s))ds

+

0 t1

ug) Joes ((tg — s)ue 1_ (tl — 5)W—1>d8

Svon 2570ty — s)uet

x (K|y(s)| + L|I;Jf71y(s)\)ds

+ T ttf (ta —s)“tds

S %(“2 —be—1) = (t1 — be—1)>
x (Kllyll g, + LHI;E‘f_IyHEz) b 8 0ds

_l’_

_|_

no(bg—bg_1)"e~!
T(ue+1)

((tz —bg1) = (t1 — bﬁ—l))

oy Kyl + LHI;;_I:UHEE)

X fyb s70((ta — )" Y)ds

4 1m0 ((tz—befﬂu‘v’  (ta—t)™e (tl—beﬂ)“f)
I (ue) Uy Uy Uy
_ up—1 u t
+ Ty (Ellle + LILE ls) s~
no _ (ta—t1)"e
- F(?31’.) Up
< (be—be—1)"e=2(b' 0 —by_1'7%)
= (1-0)T (ug)
X ((ta —be—1) — (t1 — be—1))

x (Kllyll s, + L™

+

_l’_

X

X | (tg —bp—1)™ — (ta — t1)™ — (t1 — be—l)“£>

_l’_

I1yll )

T'(ug+1)
be—b,
Ol (12— be-) = (11— b))

((tl1_57bg,11_§)(t27t1)“1’.71 >
(1=0)I"(ur)

(be—be_1)
L F(u[-f-l

(Kllyllz, + “lylle) + 2o

(t21 5 t11 5)(t2 t1)uf 1

(1=0)(ue)

be—by_1)" L

< %((tz —by_1) — (t1 — be—1))
b (b = )"~ 5T (K ly(s)| + LI y(s)))ds
no(be—be—1)""

(KHyHEZ + LM”?JHL%) + M

I(ug+1) I(ue+1)
< (O L)
R e
X ((752 —bp—1) — (t1 — bz-1)>

1_6_17[ 1

to _
+ (7(1*5)11(”@)

X (tg — tl)ue_l

be—b
(K + Lo et

lyls,)

+ %((fz —bp_1)" — (t1 — bg_l)w>

Hence [[(Wy)(t2) —(Wy) (1)l 5, = O as [ta—t1] =
0. It implies that W (Bpg,) is equicontinuous.

As a consequence of the Theorem , the prob-
lem @ has at least a solution y; in Bpg,.

Let
0, tel0,bp—1],

=9 _ (8)
Yo, te e,
We know that y, € C([0,b/],X) defined by
satisfies the equation

by (t _ S)lful Y

/0 WW

Eo(t— g)lwe Y y
+41&wxow“m‘¢wwm%w@»

for t € Jp, concluding that y, is a solution of
with y,(0) = 0, ye(be) = ye(be) = 0.

(s)ds + ...

Then,

tejl)

05 tejl?
t) = ~
y2< ) { Y2, tej?

0, tel0,bp—1],
t) = ps
yn(t) { Yo, t€ T
constitutes a solution for BVP.

The principle of Banach contraction is used to ar-
rive at the following result. O

Theorem 3. Assume that the assumptions (H1),
(H2) hold and if

2(bg" 0 — by 70 (be — bp_y)" !
(1 =&)L (ur)
L(bg —by_ )W

then the problem @ has at most one solution in
Ey.
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Proof. The Banach contraction concept will be
used to demonstrate the unique fixed point for W
specified in Theorem .

For y1(t), y2(t) € Ey, it follows that

[(Wy1)(t) = (Wy2) ()]

(be—be_1)~L(t=bs_1) b
< i“(w) = beefl(bf

X|(s,y1(5), Tt 1(8))=P(s,2(s), I y2(s))lds

t wy—
+ﬁfb271(t_8) o

_ S)ue—l

X\¢(s,y1(8)7fff y1(8))=P(s,y2(8), Lt ya(s))lds
< 5y Jo (b =)

X|D(s,y1(s), I y1(8)=P(s,42(8), It ya(s))lds
ol

(Kl () = wa(s) 4+ LL Jua(s) = (o)1 ) ds

1875

| /\

(be — s)*

X

b _
< tug 1 — w2l fyf | 570(b — 8)" s

b - —
+ %ngzél(yl - yg)HE[ fbgil S 5(be _ S)u[ lds

K b -~ B

< Igiud”yl - yQHEZ fbf_l s 6(bZ _ S)ue ldS

2L(by—b b _ B

* %”yl y2||E,3 fbf_l S 5(1)5 _ S)Ug 14s
oK | 2L(bg=b

= (F(ue) + F(u,f)r(fuh >||y1 v2|

x szg,l s70(bg — s)“lds

< 2(521_5—174711_5)(b4—b£,1)url

- (1—-0)I'(ug)

<K+ %)Hyl y2l e,
Therefore, by considering @D, the operator W
is a contraction. Employing Banach contraction
mapping, we result in that W has only one fixed
point, say it y; € Ep, which also concludes that
the problem @ has got unique solution.
We let
0, te [O,bgfl],

Yo = (10)
g@? te \757
We know that y, € C([0,b],R) defined by

satisfies the equation

/bl (t — 5)1_u1 I
o TE@—uw)

t —s 1—up " y
+/b,_;_1 (;(2_)1@315 (s)ds = (¢, yg(t)’IOerE(t)),

(s)ds + ...

for t € J;, which yields that y, is a unique solu-
tion of with yg(O) =0, yg(bg) = gg(bg) =0.

This led us to

yl(t)a tejl)
0, te,
y2(t>_{ Y2, t€ T

0, t€l0,be1,
n(t) =14 =
Ky() {% te 7,

which is the unique solution of the boundary value
problem . [l

4. Ulam-Hyers-Rassias stability

Theorem 4. Suppose that the conditions (H1),
(H2), together with (9) hold. Assume further that

(H3): The function ¢ € C(Je, Ry) have increas-
ing property and there exists Ay > 0 such
that

I () < A1)

then, under these assumptions, the equation
has UHR. stability with respect to ¢

Proof. Suppose that z € C(Jp, R
of the following inequality

\CDIZIM(U = P(t,2(), I, ()] < ew(t),(11)

for t € Jy. Let us denote y € C(Jr, R) to be the
unique solution of the problem

D L y(t) = Bt y(), I Ly(t), tET;
(béfl) =0, y(be) =0
By using Lemma , we have

) is a solution

yt) = - (be = be—1) ' (t = by—1) /be (by — s5)te-1

[ (up)
xP(s,y(s), Ib+ y(s))ds

1 ! Ug—1
+ T (up) /b[ 1(15—5)
< (s, y(s), I y(s))ds

be—1
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By integrating both sides of and utilizing

(H3), we find

by—b by_
‘ ()+(z él“)(ug)(t ¢—1)

X bl:f_l(bg — §)“-1d(s, 2(s), Ib+ z(s))ds

ik (0 ) (s, 2(6), T ()|

S)ué—l

t —
< esz71 . I (ug) (s)ds

< eApp(t)
In addition, we get for each t € J;

|2(t) — y(1)]

Z(t) + (bé_be_i")(;xt_bz_l)

X Jor, (b = 8)" 1@ (s,y(s), I y(s))ds

= i) Jop, (= )" (s, (). I y(s))ds

Z(t) + (bz—be—;)(;xt—bz—l)

X [ (by — 5)“e=1d(s, 2(s), Lt #(s))ds

i) Jop, (8= 9" (5, 2(5), I 2(5))ds

(be be— 1 lt be—1) f ul—l
be— 1

x|P(s, z(s), I+ z) d(s,

b} y(s), 1 b+ y)lds

t w—
+ﬁszf1(t_ 8) ot

x|D(s, 2(s), [1 2) = &(s,

g y(s). I y)lds

< Apep(t)

by—b be_1) (b wr—l
4 (be=be- F)(W)(t 0-1) be{l(bg—s) e=lg=0

X(Klz(s) —y(s)l + LI [2(s) = y(s)])ds

1 t —1.-6
) fb[_l(t—s)uf s

X(K|2(s) = y(s)| + LI |2(s) = y(s)))ds

be—bg_1)*“!

< dger(t) + Pl

% (Kllz = yllz, + LIS z=wlls, fy s

by—b, up—1 ”
+ O Kz = ylle, + LILE (2= )llz)
X fbtg,l s7%ds

(b[_be_l)ue—l(bilfé_be_llfé)

< Agedp(t) + = (T=8)[(uz)

be—b, L
x(Kl|z =yl + L%u 2= yllp,)

(bi be—1) (1 0—bp_1179)
(1=6)T (ue)

be—b,
(K2 = yllm, + L% 2 = ylls,)

by—by_1) )%~ 1(p 1—§_b _ 1-6
< Apeth(t) + 2(be—by 1)(1[75)(112(”@) -1 °)

by—b 4
x(K + LU= 12—y g,

which gives

Iz = yllz

(T be 11 5)(172 be_y)"e!
x (1 T u

(bg—b Z
(K+L éuﬁ-i-ll >

< Aypedp(t)
For each t € Jy, we arrive at the following relation

Iz =yl =

Ayep(t) ;
= 2(bp1=0—by_11=9)(by—by_1)"L~
(1- =paom) (K+L

=[1- 2(bg 0 —bp_1' ) (bp—bp_1)“¢ !
B (1=6)T"(ue)

(bg—by_1)"¢
Tl )

be—b AN
X (K + LG =y e(t)
= cpetp(t)

which concludes that the equation @ admits
UHR stability with respect to v for each i €

{1,2,...,n}.
Consequently, main problem has UHR sta-
bility with respect to 1. O

5. Example

Consider the fractional boundary value problem
that follows:



76 A. Refice, M. S. Souid, A. Yakar /IJOCTA, Vol.11, No.3, pp.68-78 (2021)

Dyy(t) = — —
(e TFF 44e2011) (1 y(0) [+ 5 Dy (1))

)

(12)
fort € J:=10,2],
Let

@(t’ Y, Z) - +2 )
(e +4e2 + 1)1+ y + 2)

(t,y,2) €10,2] x [0,400) x [0,400) and

%7 te = [O’ 1]a

(13)
, te€ T ::]1,2].
Then, we have

£3|B(t, wy, 21) — D(t, W, 20)]

et 1 1
12 (1+w1+z1 o 1+w2+z2>
(ee"F +ae2t41)

et (Jw1 —wa|+[z1—22])
< =

(ee T 442t 41) (14w +21) (1 +wa+22)

< — T (|wr —wa| + |21 — 2)

(ee 1T 442t 41)

< ﬁhﬂ - w2| + ﬁkl - 22|-

As a result, with § = % and K = L = 6%,
assumption (H2) is satisfied.
By , solution of the given problem can

be split into two parts as follows

the

( 1,
CD0+y( ) 2 Loe 3 )
(e M +4e241) (1+|y (1) |+|1F y(1)])
te jlv
I
CD1+y( ) 2 L2e 9 )
(e M +ae241) (1+|y (1) |+|15 y(1)])
te Js.

For t € J1, we begin by looking at the following
boundary value problem:

_1
DRt = ——
(ee ' +4e2t41) 1+|y (1) +IZ y(t)])

y(0) =0, y(1) =0.

(14)
We are in position to check whether the condition
@ is satisfied or not

(by' =0 —bo =) by —bo)"1 ! <2K + M)

=897 (ur) T 1)
_ 2 [y ~ 0.7685 < 1
%(m)r(%)( + r(%))

l
t2

Let v(t)
) =

1
s2ds

N

1 t
F(g)/o(t—s)

1 t 1
< I‘(3)/0(15—5)2(15

2
2 A (2).

< —=Y(t) =
< gt
It shows that the assumption (H3

B(t) =t2 and Ay = eIt

Regarding Theorem 2, the problem has a
unique solution y; € FE7, and from Theorem
the solution of is UHR stable.

For t € Ja, the problem can be written in
the following way

) holds with

1,

D1+y( ) t2 — 3 7
(e T F et 1) (14 |y (8)|+]10 y()))

y(1) =0, y(2)=0.

We see that

(b2176_b1176)(b2_b1)u
(1*5) (u

2)
_ 231
T IrE) e+5 (1 +

(15)

- (2K + 2

) ~0.3913 < 1

(é‘)

Thus, the condition @ is satisfied.
Also

) =

IN

<

= Ap(t).
Therefore, the condition (H3) is satisfied with
(1) = 2 and Ay = g2,
Taking into account of ri*heorern , the problem
has a unique solution yo € E5, and from The-

orem the equation has UHR stability.
It is known that

ya(t) = 0, ten

Y2 (t), t e jg.
Hence, by considering definition , the bound-
ary value problem has got a unique solution

yl(t)v t e \717
(t) — 07 t e jlv
Y ya(t) =4 Ba(t), te o

Eventually, according to Theorem , the equa-
tion is UHR stable with respect to 1.
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6. Conclusion

We study some qualitative properties for a class
of nonlinear fractional boundary value problems
involving variable order operators. Since the ex-
istence and uniqueness as well as stability results
to variable-order equations is rarely discussed in
the literature, all of the outcomes in this paper
have a great deal of potential for contributing to
future researches.
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Publication Ethics and Malpractice Statement

[JOCTA is committed to ensuring ethics in publication and quality of articles. Conforming to standards of
expected ethical behavior is therefore necessary for all parties (the author, the editor(s), the peer
reviewer) involved in the act of publishing.

International Standards for Editors

The editors of the IJOCTA are responsible for deciding which of the articles submitted to the journal
should be published considering their intellectual content without regard to race, gender, sexual
orientation, religious belief, ethnic origin, citizenship, or political philosophy of the authors. The editors
may be guided by the policies of the journal's editorial board and constrained by such legal requirements
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as shall then be in force regarding libel, copyright infringement and plagiarism. The editors may confer
with other editors or reviewers in making this decision. As guardians and stewards of the research record,
editors should encourage authors to strive for, and adhere themselves to, the highest standards of
publication ethics. Furthermore, editors are in a unique position to indirectly foster responsible conduct
of research through their policies and processes.

To achieve the maximum effect within the research community, ideally all editors should adhere to
universal standards and good practices.

e Editors are accountable and should take responsibility for everything they publish.

e Editors should make fair and unbiased decisions independent from commercial consideration and
ensure a fair and appropriate peer review process.

e Editors should adopt editorial policies that encourage maximum transparency and complete,
honest reporting.

o Editors should guard the integrity of the published record by issuing corrections and retractions
when needed and pursuing suspected or alleged research and publication misconduct.

e Editors should pursue reviewer and editorial misconduct.

e Editors should critically assess the ethical conduct of studies in humans and animals.

e Peerreviewers and authors should be told what is expected of them.

e Editors should have appropriate policies in place for handling editorial conflicts of interest.

Reference:

Kleinert S & Wager E (2011). Responsible research publication: international standards for editors. A
position statement developed at the 2nd World Conference on Research Integrity, Singapore, July 22-24,
2010. Chapter 51 in: Mayer T & Steneck N (eds) Promoting Research Integrity in a Global Environment.
Imperial College Press / World Scientific Publishing, Singapore (pp 317-28). (ISBN 978-981-4340-97-7)
[Link].

International Standards for Authors

Publication is the final stage of research and therefore a responsibility for all researchers. Scholarly
publications are expected to provide a detailed and permanent record of research. Because publications
form the basis for both new research and the application of findings, they can affect not only the research
community but also, indirectly, society at large. Researchers therefore have a responsibility to ensure that
their publications are honest, clear, accurate, complete and balanced, and should avoid misleading,
selective or ambiguous reporting. Journal editors also have responsibilities for ensuring the integrity of
the research literature and these are set out in companion guidelines.

o The research being reported should have been conducted in an ethical and responsible manner
and should comply with all relevant legislation.

e Researchers should present their results clearly, honestly, and without fabrication, falsification or
inappropriate data manipulation.

e Researchers should strive to describe their methods clearly and unambiguously so that their
findings can be confirmed by others.

e Researchers should adhere to publication requirements that submitted work is original, is not
plagiarised, and has not been published elsewhere.

e  Authors should take collective responsibility for submitted and published work.

e The authorship of research publications should accurately reflect individuals’ contributions to the
work and its reporting.

¢ Funding sources and relevant conflicts of interest should be disclosed.

e When an author discovers a significant error or inaccuracy in his/her own published work, it is
the author’s obligation to promptly notify the journal’s Editor-in-Chief and cooperate with them
to either retract the paper or to publish an appropriate erratum.

Reference:

Wager E & Kleinert S (2011) Responsible research publication: international standards for authors. A
position statement developed at the 2nd World Conference on Research Integrity, Singapore, July 22-24,
2010. Chapter 50 in: Mayer T & Steneck N (eds) Promoting Research Integrity in a Global Environment.
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Imperial College Press / World Scientific Publishing, Singapore (pp 309-16). (ISBN 978-981-4340-97-7)
[Link].

Basic principles to which peer reviewers should adhere

Peer review in all its forms plays an important role in ensuring the integrity of the scholarly record. The
process depends to a large extent on trust and requires that everyone involved behaves responsibly and
ethically. Peer reviewers play a central and critical part in the peer-review process as the peer review
assists the Editors in making editorial decisions and, through the editorial communication with the author,
may also assist the author in improving the manuscript.

Peer reviewers should:

e respect the confidentiality of peer review and not reveal any details of a manuscript or its review,
during or after the peer-review process, beyond those that are released by the journal;

e not use information obtained during the peer-review process for their own or any other person’s
or organization’s advantage, or to disadvantage or discredit others;

e only agree to review manuscripts for which they have the subject expertise required to carry out
a proper assessment and which they can assess within a reasonable time-frame;

e declare all potential conflicting interests, seeking advice from the journal if they are unsure
whether something constitutes a relevant conflict;

e notallow their reviews to be influenced by the origins of a manuscript, by the nationality, religion,
political beliefs, gender or other characteristics of the authors, or by commercial considerations;

e Dbe objective and constructive in their reviews, refraining from being hostile or inflammatory and
from making libellous or derogatory personal comments;

e acknowledge that peer review is largely a reciprocal endeavour and undertake to carry out their
fair share of reviewing, in a timely manner;

e provide personal and professional information that is accurate and a true representation of their
expertise when creating or updating journal accounts.

Reference:

Homes I (2013). COPE Ethical Guidelines for Peer Reviewers, March 2013, v1 [Link].

Copyright Notice

All articles published in An International Journal of Optimization and Control: Theories & Applications
(IJOCTA) are made freely available with our Open Access policy without any publication/subscription fee.

Under the CC BY license, authors retain ownership of the copyright for their article, but authors grant
others permission to use the content of publications in [JOCTA in whole or in part provided that the
original work is properly cited. Users (redistributors) of [JOCTA are required to cite the original source,
including the author's names, [JOCTA as the initial source of publication, year of publication, volume
number and DOI (if available).

Authors grant [JOCTA the right of first publication. Although authors remain the copyright owner, they
grant the journal the irrevocable, nonexclusive rights to publish, reproduce, publicly distribute and
display, and transmit their article or portions thereof in any manner.

m Articles are published under the Creative Commons Attribution 4.0 International License

(CCBY 4.0).
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