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1. Introduction

There is quite an interest in the theory and applications of Fibonacci numbers and their general-
izations. Miles [9] defined generalized order-k Fibonacci numbers as

k
fin=_ fn-j (1)
j=1
for n > k > 2, with boundary conditions: fy 1= fk2= fk3 == fkk—2=0and frr—1 = fkx=1.
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Since calculating any term of these sequences by recurrence relation is very difficult, there is a
need to find other methods. Many researchers obtained terms of Fibonacci numbers and generalized
order-k Fibonacci numbers by using determinant of different Hessenberg matrices. For example, Ocal
et al. [10] gave some determinantal and permanental representations of k-generalized Fibonacci num-
bers and obtained Binet’s formulas for these sequences. Kili¢ and Tasci [5] studied on permanents and
determinants of Hessenberg matrices. Yilmaz and Bozkurt [12] derived permanents and determinants
of a type of Hessenberg matrices. Kaygisiz and Sahin [2-4] gave some determinantal and permanental
representations of Fibonacci type numbers. Li et al. [8] gave three new Fibonacci Hessenberg matrices
and obtained determinants of them. In [7,6], authors defined two (0, 1)-matrices and showed that the
permanents of these matrices are the generalized Fibonacci and Lucas numbers.

Chen and Yu [1] presented three Hessenberg matrices

hl] h12 0 0
ha1 hy  h2s3 :
H=1 S o |
hn-11 hnc12 -+ hpcin—1 hn—in
L hn,] hn,2 T hn,n—l hn,n
o1 0 0 0 07
h11 h1s 0 0
H=| hxn hyy  hys 0o
: : - 0 o0
hp11 hac12 -+ hpin-1 hpo1n O
L hn,] hn,2 T hn,nfl hn,n 1.
and
1= |:[Ol]n><1 [Lgnxn :| , 2)
he [1B Tixn +1)x (n+1)
then they obtained equalities
det(H) = (—1)"h.det(H), 3)
L=H'+hlap’ (4)
and
Ho +he, =0 (5)

where e, is n-th column of the identity matrix I.
The following lemma can be inferred from (3), (4) and (5).

Lemma 1.1. Let e be the first column of the identity matrix I, and matrices L, 8, h in (2). Then,

BTH +hey =0. (6)
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Lemma 1.2. (See [10].) Let k > 2 be an integer and Hy y = (hst) be an n x n Hessenberg matrix, where

st if —1<s—t<k
he — 1177 if =1 < ; 7
st = 0, otherwise, ™
then
det(Hn,k) = fk,n+k—1 (8)
where i =+/—1.

Lemma 1.3. (See [10].) Let k > 2 be an integer and Fy, j = (fij) be an n x n Hessenberg matrix, where

=1, ifj=i+1,
fij=11, ifo<i—j<k, 9)
0, otherwise,
then
det(Fnx) = fentk—1- (10)

Lemma 1.4. (See [8].) Let An be the n x n Hessenberg matrix in which the superdiagonal entries are 1, all
main diagonal entries are 1 except the last one, which is t + 1, and the entries of each diagonal below the main
diagonal alternate 0’s and 1’s, starting with 0, and 1. Let By, ; be the matrix obtained from An by alternately
replacing the 1’s on the superdiagonal with i’s and —i’s. Then

det(An ) = det(By () = Fy + tFy_1. (11)

Lemma 1.5. (See [11].) Let Ep = (ej;) be an n x n Hessenberg matrix, where

3, ifj=i,
ej=11, ifli—jl=1, (12)
0, otherwise,

then

det(En) = Fanqa. (13)

The main purpose of this paper is to calculate successive (n + 1) terms of ordinary Fibonacci
numbers and generalized order-k Fibonacci numbers by using Egs. (3), (4), (5), (6) and matrices (7),
(9), (12) and the matrix described in Lemma 1.4.

2. Main result
Now we give two theorems which give not only the m-th term of generalized order-k Fi-

bonacci numbers (fk ) but also successive n terms of generalized order-k Fibonacci numbers

(fk,mﬁ D) fk,mfn)-
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Theorem 2.1. Let k > 2 be an integer, Hy, i be an n x n Hessenberg matrix in (7) and

1 0 ... 0
Fln,k—
Hn,k 0
1
Then,
fek—1 0 0 0
ifik —ifi k-1 0 o 0
Ho) = 1" finsk—a 1" fingis 0
"2 frnkes A fenska 1 finpes 0
i finikea AT fionikes i(n_i)fk,n+k—4 e —ifiet
_l(n+1)fk,n+k—1 l(n_])fk,n+k—2 i )fk,n+k—3 ifiek
where i = +/—1.

Proof. Let us construct the matrix

(1-1 I)_l _ |:[05]n><1 [Llnxn

e
h 1B Tsn J ity )
and obtain the entries;
(i) by using (3) and (8) we obtain

det(Hy ) = (—1)"h.det(Hp.)

_ det(Hnp)  _ finik- _ it
(=Ddet(Hyy)  (—Drin—! k.ntk—1s

=

(ii) by using (5) and (6) we obtain

frk-1
ifkk
[o] = —(Hn ) " (D)™ finyk—16n = :

i(ni? fk,n+l<—3
i )fk,n+l<72

and

[B"]=—Hni) ' O™ finsk—re1

0

0
fie k=1

= [Bl1=[i"finik—z i finikos o ifkk fik—1]:
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(iii) by using (4) we obtain

(L] = (Hpp) ™"+ (O™ fione1) "

0
—ifk k-1

S(n—1
i fi nikes

im fk,n+l<—4

0
0

=4 fk,n+l<—5

. ‘l . _3
Li®™D fenik—s i finik—a

o

0
0

_ifk,k—l

Consequently, combining these three steps, we obtain the required result.

Example 2.2. We obtain generalized order-4 Fibonacci numbers, by using Theorem 2.1;

and the inverse of Hs 4 is

which is the desired result.

Theorem 2.3. Let k > 2 be an integer, Fp, | be an n x n Hessenberg matrix in (9) and

1 0 0 0 O

1 i 0 0 O

~ i 1 i 00

Hsa=|_1 & 1 i o0

—i -1 i 1 i

0 —-i -1 i 1
1 0 0 0 0 O
i —i 0 0 0 O
-2 1 —i 0 0 0
—4i  2i 1 —i 0 0
8 -4 2i 1 —-i O
-15 8 —4i -2 i 1
r fa3 0 0 0
ifaa —ifas O 0
—fas  fasa —ifa3 0

—ifse ifas  faa —ifa3
fa7  —fae ifas  faa

L —fas fa7 —ifas —fas

- OO0 O OO

o O o

0
—ifa3
if.4

0
0
0
0
0

fa3

0

O

3123
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Then,
S k=1 0 0 0 0
Sk — fre—1 0 X 0 0
For) '=| fentk—a  —fentks 0 0
fentk—3  —finik—a —foniks - 0 0
fentk—2  —fenik—3 —fenik—a - —feke1 O
L —fintk—=1  Sentk—2  fenek=3 - Sk frer—1

Proof. Proof is similar to the proof of Theorem 2.1, by using (10). O

Example 2.4. We obtain generalized order-4 Fibonacci numbers, by using Theorem 2.3;

1 O 0 0 0 0
1 -1 0 0 0 O
F54: 1 1 -1 O 0 O
’ 1 1 1 -1 0 O
1 1 1 1 -1 0
0 1 1 1 1 1
and the inverse of '135.4 is
r1 0 0 0 0 O
1 -1 0 0 0 O
Fol_ 2 -1 -1 O 0 O
5.4 4 -2 -1 -1 0 0
8 -4 -2 -1 -1 0
L—-15 8 4 2 1 1
r fa3 0 0 0 0 0
faa —fa3 0 0 0 0
| fas —fasa —ifsz3 O 0 0
| fas —fas —faa —faz O 0
fa7  —fas —fas —faa —fa3 O
L—fas fa7  fae  fas  faa  fa3

Now we give a new method to calculate the terms of Fibonacci type sequences that are obtained
by using determinants of Hessenberg matrices.

Theorem 2.5. Let A, be an n x n Hessenberg matrix, K;, be a Fibonacci type sequence obtained by determinant
of Ay, ie, det A, = K, and

1 0 ... 0

Aq 0
11 1y x(ns1)
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Then,

(Z )—l |: [@]nx1 |[L]n><n :|
n = Ky .
—1n detAgn ’[ﬁ]lxn

Proof. Proof is obvious from (3). O

Corollary 2.6. Let A, be the matrix described in Lemma 1.4, F, be the ordinary Fibonacci numbers and

1 0 0
An,t: An,t 0
11 1y <o)
Then,
r Fq 0 0 0
—F, Fq 0 0
(A~ = ' ' .
m D 2F, (D) IF s . 0 0
(D" VF .y (D" PF ., . Fp 0
L(=D)"(Fq 4+ tFpo1) (=)@ VYF,y ... —F, Fy

Proof. Proof is similar to the proof of Theorem 2.1, by using (11). O

Corollary 2.7. Let E;, be the matrix in (12), F, be an ordinary Fibonacci numbers and

1 0 ... 0
B, = :
En 0
T t1yxm+1)
Then,
r Fy 0 0 0
—F4 Fy -0 0
(En" = ' ' :
" (D DFy 5 (=)™ DFpy . 0 0
(D" VFp (D" 2Fy, . F 0
L (—=1D)"Fant2 (-)=VFy, ... —F4 Fy

Proof. Proof is similar to the proof of Theorem 2.1, by using (13). O

Conclusion 2.8. Many researchers obtained the terms of ordinary and generalized order-k Fibonacci
numbers by using determinants and permanents of different Hessenberg matrices, see papers [3,5-8,
10,12]. We gave a new method that can be applied to almost all of such Hessenberg matrices. In
addition, other calculation methods give one term of these sequences in each calculation, while our
method gives (n+ 1) successive terms simultaneously by using the same matrices.
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