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1 Introduction

A linear topological space X over the real field R is said to be a paranormed space if there
is a subadditive function g : X — R such that g() = 0, g(x) = g(—=z) and scalar multiplication
is continuous, i.e., |a, —a| — 0 and g(x, —z) — 0 imply g(apz, — azx) — 0 for all o’s in R
and all 2’s in X, where 6 is the zero vector in the linear space X.

Let (), g) be a paranormed space. Recall that a sequence (by) of the elements of A is called

a basis for A if and only if, for each x € A, there exists a unique sequence (ay) of scalars such

that .
g(z—Zakbk) — 0 as n — oo.
k=0

The series Y ayb, which has the sum z is then called the expansion of z with respect to (by),
written as @ = Y agbg.

By a sequence space, we mean any vector subspace of w, the space of all real or complex
valued sequences = = (zj). The well-known sequence spaces that we shall use throughout this
paper are as follows:

lo: the space of all bounded sequences,

c: the space of all convergent sequences,
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co: the space of all null sequences,

bs: the space of all sequences which form bounded series,

cs: the space of all sequences which form convergent series,

£1: the space of all sequences which form absolutely convergent series,

£y the space of all sequences which form p-absolutely convergent series,
where 1 < p < o0.

Let uw = (ug) be a sequence such that uy # 0 for all kK € N = {0,1,2,---} and (px)
be a bounded sequence of strictly positive real numbers with suppr = H and also let M =
max{1, H}. Then, the linear spaces £(p) and ¢ (p) were defined by Maddox [19] (see also
Simons [27] and Nakano [23]) as follows:

E(p):{x:(xk)Ew:Z|wk|pk<oo} (0<pr < H < o0)
k

and

tlp) = {x — (a0) €w: supfeu | < oo},
keN

which are the complete spaces paranormed by
/M
) = (ShP) " and o) =suplo it >0
. kEN

respectively.
The studies on the sequence spaces form a great part of the summability theory. For such
type studies and more information we refer [1-8, 10, 15, 17, 21, 22, 26] and the others.

2 Preliminaries, Background and Notations

Let A, 1 be any two sequence spaces, A = (anx) be an infinite matrix of real or complex

numbers and z = (z)) a sequence such that Az = (A,(z)) = (X ankar) exists for each n.
k

Then, the sequence Az = (A, (z)) is called the A-transform of z. We say that the matrix A
maps A into p if Az exists and belongs to u for each 2 € A. By (A, u) we denote the set of all
matrices which map A into u, where n,k € N. A sequence x is said to be A-summable to « if
Ax converges to a, called the A-limit of x.

For simplicity in notation, here and in what follows, the summation without limits runs
from 0 to co. We shall assume throughout that 0 < 7 < 1, p,' + (p},)~! = 1 provided
1 < infpr < H < oo and denote the collection of all finite subsets of N by F. Also, we write
e®) to denote the sequence whose only non-zero term is 1 in k-th place for each k € N.

For the sake of brevity in notation, we write throughout that

o /i T
Ank = Z () (=1t Janj (n,k €N).

u
=k §

The Euler sequence spaces ef, and el, were firstly studied by Altay and Bagar [1]. The

Euler sequence spaces were studied by many authors. For instance, see [1, 2, 10, 14, 22, 26].
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Quite recently, Demiriz and Cakan [10] introduced paranormed Euler sequence spaces ef(u, p)
and e’ (u, p) and computed the a-, 5- and - duals of these spaces.

For a sequence space A, the matrix domain A4 of an infinite matrix A is defined by

da={z= () ew: Az e A} (2.1)
For example, the sequence space @ defined in [8] is the domain of the matrix S = (s,x) in
£(p), where
1, 0<k<n,
Snk =
0, k>n

for all k,n € N. By the same technique the following sequence spaces were introduced in [3-6],
respectively,

U(p) = [L(p)]s, bs(p) = [los(P)]s, 7"(p) = U(D)]re, 15 (P) = [loo(D)]Rr

n
where (t;) is a sequence of positive numbers, @, = . t; and the matrix R* = (r!,) of the
k=0
Riesz mean is defined by
175

)
T’flk} == Qn
0, k>n.

0<k<n,

In this paper, we introduce the sequence space e”(u,p) = [¢(p)]gr« of non-absolute type,
which is the set of all sequences whose E™*-transforms are in the spaces £(p), where E™"
denotes the matrix E™" = (e}, (u)) defined by

erp(u) = (k

)@=tk o<k <,
nk
0, k> n.

Furthermore, we investigate some topological and geometrical properties of this new space, such

as basis, the a-, 8- and - duals and some results related to the uniform Opial property.

3 The Sequence Space e”(u,p) of Non-Absolute Type

Under the light of the above explanations, we can define the sequence space e”(u,p) as
follows:

Pk

k
e (u,p) = x=(z;) Ew: Z Z (k) (1 —r)f iy <oop, 0<pp<H<oo.
% |i=0 \Y
Note that in the cases (ur) = e = (1,1,---) and (ux) = (pr) = e = (1,1,1,--+), the
sequence space €' (u, p) is reduced to the sequence spaces e”(p) and e, which were introduced
by Kara, Oztiirk and Bagarir [14] and Altay, Bagar and Mursaleen [2], respectively.
Define the sequence y = {yx(r)}, which will be frequently used, as the E™"-transform of a
sequence x = (z), i.e.,

k
yr(r) = Z (k) (1- T)k_jrjujxj (k e N). (3.1)
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Now, we may begin with the following theorem which is essential in the text.

Theorem 3.1 e"(u,p) is the complete linear metric space paranormed by g, defined by

i pr 1/M

_ A WY S
o) = Z;(g)u | |
where 0 < pr, < H < oo for all k£ € N.

Proof The linearity of e”(u,p) with respect to the co-ordinatewise addition and scalar
multiplication follows from the following inequalities which are satisfied for z, z € e"(u, p) (see
Maddox [18, p.30]):

- i prq /M
Z Z( ) k Jrjuj(xj + z;)
L k =
r X pr /M i pr 1/M
k .

< k Ipdy,a; + <> 1—r) e dpiy, 2, 3.2
ZZ() @) S () s | 62)
L j= j=

and for any o € R (see [18])
la|P* < max{1, |a|M}. (3.3)

It is clear that g(d) = 0 and g(z) = g(—=z) for all x € e"(u,p). Again inequalities (3.2) and
(3.3) yield the subadditivity of g and

glaw) < max{1, ol }g(x). (3.4)

Let {2} be any sequence of points =™ € e"(u, p) such that g(z™ —z) — 0 and {ay,} also be
any sequence of scalars such that o, — «. Then, since the inequality g(z") < g(x) + g(z™ — x)
holds by the subadditivity of g, {g(z™)} is bounded. Thus, from inequality (3.4) and the
subadditivity of g we thus have

r i preq /M
glana" —ax) = Z Z ( ) k JT‘JUJ (anx — azj)
- k ]
- E /M
= Z Z ( ) (1—r)k= Jrjuj(anxj az + oz} — azj)
|k |5=0 J

< glapz™ —ax™) + g(az™ — az) < o, —al g(a") +|al g(a" -

which tends to zero as n — co. This means that the scalar multiplication is continuous. Hence,
¢ is a paranorm on the space e”(u, p).

It remains to prove the completeness of the space e (u, p). Let {z'} be any Cauchy sequence
in space e" (u, p), where 2% = {xo ,xgz), xé ,-++}. Then, for a given & > 0, there exists a positive

integer ng(e) such that
gzt —2) < e (3.5)



No.4 S. Demiriz & C. Cakan: SOME TOPOLOGICAL AND GEOMETRICAL PROPERTIES 1517

for all i, j > ng(e). Using the definition of g, we obtain that, for each fixed k € N,

1/M
|(Er’u$i)k _ (ET’u«Tj)kl < Z ’(Er,uxi)k _ (Er,uxj)kypk <e
k

for every i, j > ng(e), which leads us to the fact that {(E™%2%), (E™"a!)y, (B 2?)g, -} is a
Cauchy sequence of real numbers for any fixed £ € N. Since R is complete, it converges, say
(E™v2t), — (E™%1) as i — oo. Using these infinitely many limits (E™%2)o, (E™"2)1, (E""2)a,
, we define the sequence {(E™"x)o, (E™"x)1, (E™"Z)2, - -}. From (3.5), for each m € N and
i,7 > no(e), we have
DBty — (B2l < glat = )M < M. (3.6)
k=0
Take any i > ng(g). First, let j — oo in (3.6) after m — oo, to obtain g(z* — x) < e. Finally,
taking e = 1 in (3.6) and letting i > ng(1), we have Minkowski’s inequality for every fixed
m € N:

. 1/M
> |<wa>k|’”‘1 < g(a' — o) + g(a") < 1+ g(a")

which implies that = € e"(u,p). Since g(z' — x) < ¢ for all i > ng(e), it follows that 2! — z as
i — 00, whence e” (u, p) is complete. a

Note that the absolute property does not hold on space e”(u, p) , since there exists at least
one sequence in the space e (u,p) such that g(x) # g(|x|); where |x| = (Jzx|). This says that
e”(u,p) is a sequence space of non-absolute type.

Theorem 3.2 The sequence space " (u, p) of non-absolute type is linearly isomorphic to
the space £(p), where 0 < pp < H < oo for all k € N.

Proof To prove the theorem, we should show the existence of a linear bijection between
the spaces €"(u,p) and £(p). With the notation of (3.1), define the transformation T from
e"(u,p) and £(p) by © — y = Txz. The linearity of T is trivial. Further, it is obvious that = 6
whenever T'x = 6 and hence T is injective.

Now, let y = (yx) € ¢(p) and define a sequence x = {z(r)} by

o3 Gl

Jj=0

yj (k S N)

Then, we have

Pk 1/M

g(z) = |> i (k> (L =) uja;

k |j=0 J
Pk 1/M

k 1M
- Z Z‘skjyj = <Z|yk|pk> =g1(y) < oo.
k |j=0 B

Thus, we have that « € e”(u, p) and consequently T is surjective. Hence, T is a linear bijection,

which says that spaces €”(u, p) and ¢(p) are linearly isomorphic, as desired. |
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Let us suppose that 1 < py < s for all kK € N. Then, it is known that £(p) C £¢(s) which
leads us to the immediate consequence e”(u,p) C €" (u, s).

Following theorem determines the basis for the paranormed space €” (u, p).

Theorem 3.3 Let A\i(r) = (E™"x); for all k € N and 0 < py < H < co. Define the
sequence b¥) (1) = {bslk) (r)}nen of the elements of the space e”(u, p) by

0, 0<n<k,

49 () =
i (n) (r— 1)"_k7°_", n>k

Uy \K

for every fixed k € N. Then, the sequence {b*)(r)}ren is a basis for the space e (u, p) and any

(3.7)

x € €"(u,p) has a unique representation of the form

x = Z A ()b (7). (3.8)
k

Proof Tt is clear that {b*)(r)}ren C €”(u,p) since
EmpB (1) =e® e t(p) (ke N) (3.9)

for 0 < pr < H < 0.
Let © € e"(u,p) be given. For every non-negative integer m, put

ziml = Z Ak (7)D5) (7). (3.10)
k=0
Then, by applying E™* to (3.10) under the fact (3.9), we obtain
Entglml = Z A (r)Em bR (r) = Z(E"“x)ke(k)
k=0 k=0
and
0, 0<i<m,
{Er,u(x_x[m])} _ S<1<Sm
‘ (Enux)ia 1> m,

where i,m € N. Given € > 0, then there is an integer mg such that

1/M
g
Eru Pk -
[ZI )il ] <3

for all m > mq. Hence,

1/M 1/M
gz — 2™ [Z| (E™"x) |m] lz |(E""z) |m] <e

1=mo
for all m > mg, which proves that « € e"(u, p) is represented as in (3.8).
Let us show the uniqueness of the representation for = € e”(u, p) given by (3.8). Suppose,

on the contrary, that there exists another representation 2 = 3 g (r)b®) (r). Since the linear
k

transformation T from e”(u,p) to £(p), used in Theorem 3.2, is continuous, we have at this

stage that
(Er,u Z:uk {ET“b(k) Z'uk k _lum( ), forn e N

which contradicts the fact that (E™"x),, = A, (r) for all n € N. m|
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4 The a-, 8- and «- Duals of Space e"(u, p)

In this section, we state and prove the theorems determining the a-, §- and - duals of the
sequence space e”(u,p) of non-absolute type.

We shall first give the definition of a-, 8- and - duals of a sequence space and later quote
some lemmas which are needed in proving the theorems given in Section 4.

For the sequence spaces A and pu, define a set S(\, p) by
S\ p) ={z=(2x) : w2z = (wr2x) € p for all z € A}, (4.1)

With the notation of (4.1), the a-, 5- and ~- duals of a sequence space A, which are respectively
denoted by A%, M and X7, are defined by A\* = S(\,£1), M = S(A,cs) and \Y = S(), bs).

Lemma 4.1 [12, Theorem 5.1.0 with ¢, = 1] (i) Let 1 < pp < H < oo for all k € N.
Then, A € ({(p) : £1) if and only if there exists an integer B > 1 such that

Pl
< 00. (4.2)

sup Z

NecF 3

Z ankal

neN

(ii) Let 0 < pr <1 for all k € N. Then, A € ({(p) : £1) if and only if

Pk

sup sup < 0. (4.3)

NeF keN

Qnk
nenN

Lemma 4.2 [17, Theorem 1 (i)—(ii)] (i) Let 1 < pr < H < oo for all k¥ € N. Then,
A € (U(p) : L) if and only if there exists an integer B > 1 such that

sup Z |ank B~ Pk < . (4.4)
neN "y

(ii) Let 0 < pr <1 for all k € N. Then, A € ({(p) : £) if and only if

sup |ank|P* < oo. (4.5)
n,keN
Lemma 4.3 [17, Corollary of Theorem 1] Let 0 < pr < 1 for all ¥ € N. Then,
A€ (U(p) : ¢) if and only if (4.4) and (4.5) hold, and

lim ang = Pr, k€N, (46)

also holds.
Let N € F and N = NN {n € N:n > k}. Define the sets follows:

Pk

Y (r—1 nfk,rfn
el(p): CL:(CLk)ELA}Z sup sup Z (k)( ) (7% < o0 )
NEeF keN neN; Un

ny (p_ n*krfn Ph
e2(p) = U a=(ay) €w: supz Z () ( ul) a, B! <ol
k n

B>1 NeF " Ineny
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P

es(p) = U a:(ak)ew:supz Z (i)(T_i)Ji " jaJ'B—l <oob

neN

ea(p) = Ca=(ag) €Ew: lim Z

=1 for some scalar [,

n—oo = Uk
j —tep—ig |
I (r —1)i~*p—igq,
es(p) = ¢a=(ag) Ew: sup (&) ul 7l <o

n,keN =k

Theorem 4.4 (i) Let 0 < pi <1 for all k € N. Then, {e"(u,p)}* = e1(p).

(ii) Let 1 <pr < H < oo for all kK € N. Then, {e"(u,p)}* = e2(p).

Proof Since the case (i) may be proved by analogy, we give the proof only for case (ii).
Let us take any a = (ai) € w. We easily derive from (3.1) that

() =R

ATy = §

k=0

anyp = (T"Y)n, mn €N, (4.7)

Unp
where T" = (¢7 ) is defined by

(n) (r — 1)n—kp—n

nk — Un
07 k>’fL

an, 0<k<n,

for all k,n € N. Thus, by combining (4.7) with Lemma 4.1 (i), we observe that az = (anx,) € {4
whenever z = (zx) € e"(u,p) if and only if T"y € ¢; whenever y = (yx) € ¢(p). This means
that a = (ay,) € {€"(u,p)}* whenever x = (x,,) € €"(u,p) if and only if T" € (¢(p) : £1). This
gives the result that {e"(u,p)}* = e2(p). m|

Theorem 4.5 (i) Let 0 < pj <1 for all k € N. Then, {e"(u,p)}? = es(p) Nes(p).

(ii) Let 1 < py < H < oo for all k € N. Then, {e"(u,p)}? = e3(p) Nes(p).

Proof Since case (i) may be proved in a similar way, we prove only case (ii) as in the
proof of Theorem 4.4. Consider the equation

- 1 (k :
S ar =3 |32 (§) -ty o
k=0 j=

k=0 L 7=0 J
N N (r—1)=kr=ig, -
oy | W Ly, 18)
k=0 | j=k k
where B" = (b],) is defined by
no(J —1)i—Fkp—d
S WV oz,
o) 4 ug,
nk — j=k
07 k>n.

Thus, with (4.8), we deduce from Lemma 4.3 that ax = (agzr) € cs whenever x = (zy) €

e"(u, p) if and only if B"y € ¢ whenever y = (yx) € £(p). Therefore, we derive from (4.4) and
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(4.6) that
4 Py
S (7)) =Ry ’
sup Z Z B~ < 00
neN k=0 | j=k U
and ‘
n (7 — 1) J
lim Z (k) r e = Bk,
n—o00 = Uk
which shows that {e"(u,p)}? = e3(p) N es(p). O

Theorem 4.6 (i) Let 0 < py <1 for all k € N. Then, {e"(u,p)}” = e5(p).

(ii) Let 1 < pr < H < oo for all k € N. Then, {e"(u,p)}” = e3(p).

Proof By (4.8) we see from Lemma 4.2 that ax = (arxi) € bs whenever © = (zy) €
e"(u,p) if and only if B"y € ¢, whenever y = (yx) € £(p). Therefore, we respectively obtain
from (4.5) and (4.4) that {e"(u,p)}” = es(p) for 0 < pr, < 1, {e"(u,p)}” = e3(p) for 1 < pp <
H < oo, which complete the proof. O

5 Matrix Mappings on the Sequence Space e”(u, p)

In this section, we desire to characterize some matrix mappings on the space e”(u,p).
Theorem 4.1 gives the exact conditions for the general case 0 < py < H < 0o by combining the
cases 0 < pr <1 and 1 < pp < H < co. We consider only the case 1 < pr < H < oo and leave
the case 0 < pr, <1 to the reader because it may be proved in a similar fashion.

Theorem 5.1 (i) Let 1 < pp < H < oo for every k € N. Then, A € (" (u,p) : ls) if
and only if there exists an integer B > 1 such that

B(B) =sup > |an B~ < o0, (5.1)
neN X
{ank}ren € es(p) Nes(p), neN. (5.2)

(ii) Let 0 < px <1 for every k € N. Then, A € (¢"(u,p) : s if and only if

sup |ank|P* < oo, (5.3)
n,keN
{ank}tren € ea(p) Nes(p), neN. (5.4)

Proof (i) Suppose that conditions (5.1) and (5.2) hold, and = € €"(u,p). In this situa-
tion, since {ank ren € [e"(u,p)]? for every fixed n € N, the A-transform of z exists. Consider
the following equality obtained by using relation (3.1) that

m m m 7 _ j—k,.—j .
Zankwk = ZZ (&) 0= D an Y&, m,n €N. (5.5)
k=0

u
k=0 j—k k

Taking into account the hypothesis, we derive from (5.5) that, as m — oo,

Zankxk = Z ankYk, N E N. (5.6)
k k
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Now, by combining (5.6) and the inequality which holds for any B > 0 and any complex
numbers a, b )
lab| < B (|aB*1|” + |b|p) , (5.7)

where p > 1 and p~! + (p/) ™! (see [17]), one can easily see that

§ AnkTk
k

Conversely, suppose that A € (e"(u,p) : o) and 1 < pp < H < oo for every k € N. Then
Ax exists for every x € e”(u, p) which implies that {a,x }ren € [¢”(u,p)]? for each n € N. Now,

sup
neN

< sugz |ankllyr| < B [E(B) + g1 (y)] < oo
ne k

the necessity of (5.2) is immediate. Moreover, we have from (5.6) that the matrix B = (bnx)
defined by b,k = ani for all n, k € N, is the class (¢(p) : £oo). Then, B satisfies condition (4.4)
which is equivalent to (5.1). a
Theorem 5.2 Let 0 < pr < H < oo for every k € N. Then, A € (e"(u,p) : ¢) if and only

if (5.1)—(5.4) hold, and there is a sequence (ay) of scalars such that
lim Gpr = ar (k€ N). (5.8)

n—oo

Since the proof is routine we omit it.

Corollary 5.3 Let 0 < py, < H < oo for every k € N. Then, A € (e"(u,p) : ¢o) if and
only if (5.1)—(5.4) hold, and (5.8) also holds with ay = 0 for all k € N.

Now, we may give our basic lemma which is useful for deriving the characterizations of
certain matrix classes via Theorems 5.1 and 5.2 and Corollary 5.3.

Lemma 5.4 [22, Lemma 2.6] Let A, u be any two sequence spaces, A be an infinite matrix
and B a triangular matrix. Then, A € (A : pp) if and only if BA € (A : p).

It is trivial that Lemma 5.4 has several consequences. Indeed, combining Lemma 5.4 with
Theorems 5.1 and 5.2 and Corollary 5.3, one can easily derive the following results.

Corollary 5.5 Let A = (ani) be an infinite matrix and ¢t = (¢) be a sequence of positive

numbers. Define the matrix R = (rx) by

1 n
Tnk = 7 thajk (n,k € N),
n 520

where T,, = zn: ty for all n € N. Then, the necessary and sufficient conditions in order for
A = (ank) tokf)?elong to any of the classes (e"(u,p) : rl.)), (e"(u,p) : rt) or (e"(u,p) : r§) are
obtained from the respective ones in Theorems 5.1 and 5.2 and Corollary 5.3 by replacing the
entries of the matrix A by those of the matrix R where the sequence spaces rf_,r! and r§ were
defined by Malkowsky in [21].

Corollary 5.6 Let A = (ank) be an infinite matrix and C = (¢px) and D = (dni) be
defined respectively by cpx = ank — a@nt1,k and dpr = ang — an—1, for all k,n € N. Then,
the necessary and sufficient conditions in order for A to belong to any of the classes (e (u,p) :
loo(A)), (e"(u,p) : ¢(A)) or (" (u, p) : co(A)) are obtained from the respective ones in Theorems
5.1 and 5.2 and Corollary 5.3 by replacing the entries of the matrix A by those of the matrices
C and D, where o (A), c(A), co(A) denote the difference spaces of all bounded, convergent,

null sequences and were introduced by Kizmaz [15].
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Corollary 5.7 Let A = (an;) be an infinite matrix and define a matrix £ = (enx) by

n
enk = Z (n) (1- s)"_jsjajk (n,k € N).
=0 \J
Then, the necessary and sufficient conditions in order for A to belong to any of the classes
(e"(u,p) : e3.), (e"(u,p) : e3) or (e"(u,p) : e}) are obtained from the respective ones in Theorems
5.1 and 5.2 and Corollary 5.3 by replacing the entries of the matrix A by those of the matrix
E, where 0 < s < 1, €5 and e, ef denote the spaces of all sequences whose Euler transforms
of order s are in the spaces {, and c, ¢g, respectively, which were studied by Altay, Bagar and
Mursaleen [2] and Altay and Bagar [1].

6 Uniform Opial Property of the Sequence Space e"(u, p)

In functional analysis, the Opial property is an abstract property of Banach spaces that
plays an important role in the study of weak convergence of iterates of mappings of Banach
spaces, and of the asymptotic behaviour of nonlinear semigroups. The Opial property is im-
portant because Banach spaces with this property have the weak fixed-point property [13]. For
details, we may refer to [11, 20]. In this section, we characterize the uniform Opial property of
the space e”(u, p) and emphasize some results related to the this concept.

Let X be a linear space. By X*, we denote the set of all bounded linear functionals on
X and by S(X) and B(X), we denote the unit sphere and unit ball of a Banach space X,
respectively.

Let {x,} be a sequence in a normed space X. Then {xz,} is said to be weakly convergent

to xg € X, written as x, — z (weakly), if and only if
f(zp) — f(x) as n—oo forevery feX™.

We call 2 the weak limit of (x,,) [18].

A Banach space X is said to have the Opial property if every sequence {x,} weakly
convergent to xo satisfies lim inf lzn — 20| < lim inf |xn, — || for every x € X (see [24]).

Opial proved in [24] thgt ﬁle sequence spage é: (1 < p < 00) has this property but L[0, 27]
(p #2,1 <p< o) does not.

A Banach space X is said to have the uniform Opial property (see [25]) if, for every & > 0,
there exists 7 > 0 such that, for each weakly null sequence {z,} C S(X) and z € X with
|z|| > e, 1 + 7 < liminf ||z, + x|

Now we give go?r?é definitions and lemmas concerned with our considerations:

Let X be a real vector space. A functional ¢ : X — [0, 00] is called modular if

(i) o(z) =0 if and only if x = 0,

(ii) o(ax) = o(z) for all scalars o with |a| = 1;

(ili) o(azx + By) < o(x) + o(y) for all z,y € X and o, 3 > 0 with o + 5 = 1.

A modular p is called convex if

(iv) olaz 4+ By) < ap(x) + Bo(y) for all z,y € X and a, f > 0 with o+ 5 = 1.

For any modular ¢ on X, the space X, = {x € X : p(Az) — 0 as A — 0} is called the
modular space.
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A sequence {x,} of elements of X, is called modular convergent to « € X, if there exists
a constant A > 0 such that o(A(z, — z)) — 0 as n — cc.

A modular g is said to satisfy the dz-condition (9 € d2) if, for any € > 0, there exist
constants K > 2 and a > 0 such that p(2z) < Ko(x) + € for all z € X, with o(z) < a.

If o satisfies the ds-condition for any @ > 0 with K > 2 dependent on a, we say that g
satisfies the strong do-condition (g € d3).

Lemma 6.1 [9, Lemma 2.3] Convergences in norm and in modular are equivalent in X,
if o € ds.

Lemma 6.2 [9, Lemma 2.1] If p € §5, then for any L > 0 and € > 0, there exists § > 0
such that

lo(u+v) — o(u)| <e

whenever u,v € X, with go(u) < L and p(v) < 4.

Lemma 6.3 [9, Lemma 2.4] If p € 63, then, for any € > 0, there exists § = §(e) > 0 such
that ||z|| > 1+ § whenever o(z) > 1+e.

For = € €"(u,p), we define

k Pk

o(2) =>_1> (k) (1— )T piuu;

v =0 \J

If pr, > 1 for all k € N, by the convexity of the function ¢t — |¢[P* for each k € N, we have that
0p is convex modular on e”(u,p). We consider e”(u, p) equipped with the Luxemburg norm
given by
[ :inf{a>0:g,, (2) < 1}. (6.1)

We establish some basic properties for the modular g,,.

Lemma 6.4 The modular g, on e”(u,p) satisfies the following properties:

(i) If 0 < a < 1, then ap,(z/a) < 0,(x) and g,(az) < apy(x);

(i) If o > 1, then g,(z) < aMp,(z/a);

(iii) If o > 1, then g,(x) < agp(z/a).

Proof (i) We have

o) = 3 f(’;) N

J

Since ,, is convex, it follows that g,(azx) < ag,(z).
(ii) If @ > 1, then, from (i), we have

(1) o= (2) o (222) =2



No.4 S. Demiriz & C. Cakan: SOME TOPOLOGICAL AND GEOMETRICAL PROPERTIES 1525

and hence o,(z) < aMg,(z/a).
Property (iii) follows from the convexity of g,,. ]
Now, we give some relationships between the modular g, and Luxemburg norm on e”(u, p).
Lemma 6.5 For any x € e"(u,p), we have
i) If flz] <1, then gp(z) < |l;
ii) If ||z|| > 1, then gp(z) > ||z||;
iii) |jz|| =1 if and only if gp(z) = 1;
iv) |lz|| < 11if and only if g,(z) < 1;
v) |lz|| > 1 if and only if g,(z) > 1;
vi) If 0 < a <1 and ||z| > «, then g,(x) > oM;
(vii) If a > 1 and ||z| < a, then g,(x) < a™.
Proof (i) Let € > 0 be such that 0 < ¢ < 1 — ||z||. By the definition of the Luxemburg
norm, there exists o > 0 such that ||z + & > o and ¢,(%£) < 1. From Lemma 5.4 (i) and (iii),
we have

(
(
(
(
(
(

x x
ep(®) < 05 (2l +9)%) < (2] +)ep (2) < 1ol +e.
Since ¢ is arbitrary, we have (i).

(ii) Let € > 0 be such that 0 <e < (||z|| —1)/||=|, then 1 < (1 —¢)||z|| < ||z||. Combining
the definition of the Luxemburg norm by Lemma 5.4 (i), we have

1 <op ( = ) < . op(@);
(A =g)llzll) = (1 —e)ll]]
s0 (1 —é¢)||lz|| < op(z) for all € € (0, (||z]| — 1)/||=]|). This implies that ||z|| < gp(z).
Since g, is continuous, (iii) and (iv) directly follow from Theorem 1.4 of [20].
(iv) follows from (i) and (iii).

(v) follows from (iii) and (iv).

(vi) and (vii) follow from Lemma 5.4 (i) and (ii). m|

Proposition 6.6 The space e¢"(u,p) is a Banach space with respect to the Luxemburg
norm defined by (6.1).

Proof We will show that every Cauchy sequence in e (u,p) is convergent according to
the Luxemburg norm. Let (2") = (27) be a Cauchy sequence in e”(u,p) and € € (0,1). Thus,
there exists ng such that ||z" — 2™ | < &M for all m,n > ng. By Lemma 6.5 (i) we have

op(x™ — ™) < ||z — 2™ < M (6.2)
for all m,n > ng. That is,
Pk
: k k—j7..9 n m M
ZZ ) (A=) (2] -2 <e™.
K |j=0

For fixed j, we get that |27 — 27| < e for m,n > ng. Thus, (27) is a Cauchy sequence in R for
all j € N. Since R is complete for each j € N, 2" — z; as m — oo. So, for fixed j, |£C;l —zj| <e
for n > ng. From inequality (6.2), we can write

k Pk

k o
Z Z ( ) (1—r)kfjrjuj(x?—x§”) <e for all n,m > ng.

v =0 \/
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Since x7" — x; for every j € N, g,(z" — 2™) — g,(z" — x) as m — o0. So, we can write

Pk Pk
k

) (’;) (1= r)Firiuy(@? — 2| - ij ij( ) b (et — ;)

k |j=0 j=0
as m — oo. Hence, we have
op(z™ — ) < e for all n > ny.

From Lemma 6.5 (iv), we have ||z™ — z|| < e. And now, by the linearity of the sequence space
e"(u,p), we can write as follows:
z=(x—a")+z".

By the following calculations, we obtain that

E Pk
S5 (5) 0,
k |5=0
Pk
‘ k— (K k—
:Z Z (1 —r)fdriy, j(xj — )+ (1 —r)fIpiy, T
k |j=0 j= ‘]
Pk Pk
k k
<SS (§) u -t )+ 3 z()
k |j=0 k |3=0

So, x is in €"(u,p). Hence, the sequence space €”(u,p) is a Banach space with respect to the
Luxemburg norm. O
Lemma 6.7 Let limsuppy < co. Then, e”(u, p) equipped with the Luxemburg norm has

k—o0

the uniform Opial property.
Proof Takeany e > 0and z € e"(u, p) with ||z|| > e. Let {x,} be a weakly null sequence
in S(e"(u,p)). Since limsup py < 0o, we have g, € 5. Thus, by Lemma 6.1, there is 1 € (0, 1)
k

—00
independent of z such that 1 < gp(z) < co. Also, since g, € 65, Lemma 6.2 asserts that there
exists w1 € (0, 1) such that

ooy +2) = op(y)| < & (6.3)

whenever g,(y) <1 and g,(2) < p1. Since gp(z) < 0o, we can choose my € N such that

Pm
m

i i (m> (1 =)™ Iriuje; " < i > (?) (1= )" Irium;

m=mo+1 [j=mo+1 J m=mo+1 |j=1

Ml
= 6.4
This gives
mo | m Pm - . Pm
m o m o
< g < i ) 1—r)"rlux; + g g (] > 1—r)"riux;

Il
-

Pm

™ /m L 1
1 — Y™ d gy a2
E <]>( 7) T UGT +47

g

=

m=1

<.
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which implies
Pm
= |x= (M i i1 po 3p
ZZ(j)(l—r)m Irlujx; e e il
m=1|j=1
This together with the assumption z,, — 0 (weakly), there exists ng € N such that

Pm
m

DN (T) (L= )" Iruy () + ;) (6:5)

m=1|j=1

for all n > nyg, since the weak convergence implies the coordinatewise convergence.
Again x, — 0 (weakly) implies there exists n1 > no such that o,(2y, ) < g1 for all
n > nq. Since gp(x,) = 1, by (6.3), we obtain

<

=

|00ty + Tnlg) = 05Tl

)

where {L"m = (x(l),x(2)7 e 7:'[;(777'), O7 0, .. ) and 55'\me — (07 0, . 7x(m+1)7 x(m‘f‘z), .. ) :[—Ience7

Pm

1- % = op(Tn) — % < op (aznmfmo) = i i <m) (L =)™ u;(x{))

m=mo+1 |j=1 J

for all n > nj. This together with (6.3), (6.4) and (6.5) implies that, for any n > nq,

Pm
mo m m L )
op(wn+)= > |3 ( . ) (1= 7)™ Irdu;(a) + ;)
m=1|j=1 J
0o m Pm
F Y (M) am e )
m=mo+1 |j=1 J
Pm

2 2 S (M aenr e -

m=mo+1 |j=mo+1

|
o
IR S

3p By M %
>t (1-2)—==1+"%.
—4+( 4) 4 1

Since g, € 85, by Lemma 6.3, there is a constant 7 depending on p only such that ||z, + x| >
1+ 7. This means that e"(u,p) has the uniform Opial property. O
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