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Abstract

We are dealing here with the oscillatory behaviors of all solutions to a class of
semicanonical third-order nonlinear functional differential equations involving both
retarded and advanced type deviating arguments in the neutral term. Our main tool
is to show that, under certain conditions, a semicanonical equation can be written
as an equivalent equation in canonical form. The results presented in this paper are
novel even when the studied equation is linear. We also provide several examples to
demonstrate the applicability and versatility of our results.

Keywords Semi-canonical - Neutral - Comparison - Third-order - Oscillation

Mathematics Subject Classification 34C10 - 34K11 - 34K40

X Orhan Ozdemir
orhanozdemir37@yahoo.com

Ethiraju Thandapani
ethandapani @yahoo.co.in

Batuhan Goktiirk
batuhancatal0591 @ gmail.com

Ercan Tung

ercantunc72 @yahoo.com

Ramanujan Institute for Advanced Study in Mathematics, University of Madras, Chennai,
Tamilnadu 600 005, India

Institute of Graduate Studies, Tokat Gaziosmanpasa University, 60240 Tokat, Turkey

Department of Mathematics, Faculty of Arts and Sciences, Tokat Gaziosmanpasa University, 60240
Tokat, Turkey

) Birkhauser


http://crossmark.crossref.org/dialog/?doi=10.1007/s12346-022-00731-6&domain=pdf

30 Page2of17 E. Thandapani et al.

1 Introduction

Differential equations (DEs) of third-order arise as mathematical models in a con-
siderable amount of problems in mathematical biology, physics and engineering, for
instance, in the study of equilibrium equations in the theory of elasticity, in research
to obtain the traveling wave solutions of partial DEs that occur when describing the
model formulation for reaction diffusion systems, in problems of the regulation of
a steam turbine, in the investigation of the entry-flow phenomenon, which is a very
important hydrodynamic problem in engineering [13, 20]. We refer to the above men-
tioned monographs of Padhi and Pati [20], and Gregus [13] for those who want to
explore more about the applications of such equations.

In this work, we focus on the oscillation of all solutions of a class of the third order
semi-canonical mixed neutral DEs of the form

Lz(t) +h(t)yP (c(1)) =0, t>19 >0, (E)

where the differential operator £ is denoted by

d d d 4
Lz(1) = I (f(t)E (g(t) <5Z(t)) )) )

B and y are the ratios of positive odd integers, and the neutral term z(¢) is defined to
include both delayed and advanced arguments such that

z(1) =y (1) + @y (01(0) + r2()y(62(1)). (1.1)

Throughout the entire article, without further mention, the following assumptions are
always supposed to hold:

1) h,r1,r € C ([ty, 00), R) with r{ () > 1, r2(t) > 0, r1(¢) # 1 for ¢ large enough,
and A () > 0 is not identically zero for large 7;

(i) 61,62,¢ € C ([ty, 00), R), 01(t) <t < 6,(t), ¢ is nondecreasing, ¢ and 6, are
strictly increasing, and tirroloﬁ (1) = tllrrolo§ (t) = o0;

(iii) the operator £ is in semi-canonical form, namely,

00 00 1 1/y
—d d — dn = oo, 1.2
. fapor e / (g(n)> = (-2

where f, g € C ([to, 00), RT).

Recall that a solution of Eq. (E) is a nontrivial real-valued function y satisfying Eq.
(E)fort > t, for some t,, > to suchthatz € C!([t,, 00), R), g(z)" € C!([t,, o0), R),
and f(g(z)") € C'([t,, 00), R). We suppose that Eq. (E) admits such solutions, and
the solutions that vanish identically in some neighborhood of 400 will not be in the
evaluation of this manuscript. Such a nontrivial solution y(¢) of Eq. (E) is said to be
oscillatory if y(¢) is neither eventually negative nor eventually positive, and otherwise,
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y(t) is termed nonoscillatory. If every solution is oscillatory, then the equation itself
is called oscillatory.
Equation (E) is said to be in canonical form if

0 00 1\
g mdn = oo and /to (g(?) dn = oo, (1.3)
and it is said to be in noncanonical form if
0 00 1\
. mdn < oo and /to <%> dn < oo. (1.4)
If either (1.2) holds or
o 00 1\
——dn = oo and / (—) dn < o0, (1.5)
AU 0 \&m

then Eq. (E) is said to be in semi-canonical form [23].

The oscillation and asymptotic behavior of solutions for different classes of third-
order and/or higher order functional differential, difference and dynamic equations
is an important scientific research topic that has been studied extensively by many
authors in last years; see, e.g., the papers [1-12, 17-19, 23-27, 29-31] for recent
results on the literature.

In particular, the examination of canonical, noncanonical and semi-canonical forms
of third-order neutral DEs and neutral dynamic equations on time scales has both
theoretical and practical importance, because of their direct applications in science. For
third-order neutral equations of canonical type, in [4, 8, 26], the authors discussed the
oscillation of all solutions or oscillatory and asymptotic behavior of solutions subject to
bounded neutral coefficients. Also, in [6, 7, 11, 29, 30], several comparison theorems
and/or integral oscillation crieria have been obtained that can apply to unbounded
neutral coefficients.

For noncanonical neutral equations of third-order, the literature regarding the prob-
lem of obtaining oscillation criteria is relatively scarce, we refer to the articles [5, 10],
and cited studies therein. It should be pointed out that all these studies mentioned here
are devoted to equations including bounded neutral coefficients.

There is very little research dealing with third-order semi-canonical functional DEs,
because the work on these types of equations has only recently begun. Some important
results on this subject can be found in [23, 24] for the delay and/or advanced DEs, in
[8,25] for neutral DEs, and in [12, 31] for dynamic equations on time scales. However,
from the review of the literature, it is apparent that there seem to be no results regarding
the oscillation of semi-canonical DEs of third-order with mixed neutral terms.

Therefore, the main goal of this study is to give an affirmative answer to the question
of whether oscillation criteria can be obtained for these types DEs with mixed neutral
terms. It is shown with three examples in the last section that the obtained results can
be applied both to DEs containing bounded and/or unbounded neutral coefficients.
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Since we are dealing with the third-order nonlinear semi-canonical neutral DEs of
mixed type which has not been performed before, the results of this paper complement
and extend the previous ones in [8, 23-25, 31].

2 Some Preliminary Lemmas

To facilitate writability, the following symbols will be used:

[T — 2 _ 80
FO = [ sdn w0 = 1070, o0= 55,
| ! 1/y
H(@) == hOF@), V@)= [ —dn, = (¥me™! dn.
O:=hOF@. Vo= | Sosdi 60 / (wone™ @) " dn

W) =0 oc(t), u@):=60"0¢@), ¢eC (1, 0),R),

Crem\Y o
Q(t) :=exp / <—) ——dn | fort > t; for some #; > 1y, and
n \em G

» () 1 u(t) ld l/yd
(t)'_/sm go(u)/u v )

Moreover, it will also be assumed that the following assumptions are always satisfied
for large ¢ enough:

1 -1
Qu(1) = rll(t) [1 - (91_11([)) Q(g(t)(t)) - (el—rlzg)e - 9(9192)920)):| o
and 1 1
ro(t

Qunr) = [1 Cne o) (9]121)920))} ri) ~
where 6! shows the inverse of ;.
Theorem 2.1 Assume that

/OO %dt:oo. (2.1)
w 977

Then the semi-canonical operator L can be written in canonical form as

Lz(t) = %f—t (f(t)]—'z(t)% <% <%z(r>)y>> , (2.2)

and this representation is unique.
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Proof Direct calculation shows that

d
f(t)fz(t)* (% (* (1 )) ) =fOF0 (g(t) (*Z(ﬂ) ) +8() (*Z(D)

Therefore,

) g(1) __d d v
(f( VP04 (% (—z( )) )) = Fig, (f(t)a (g(r) (—z(r)) ))

which implies

1 ( P05 (ﬂ (— ()) )) —i( (,)i< (t)(— (r))y»
F(t)de f F@) ¢ T dr ! ar \8 ¢
Taking (2.1) into account, we get
) 1/
[ e
4] g(t)
and due to

= () )
0w fOF1) 0 F(1) =00 \F(t)  Flio)

we deduce that (2.2) is in canonical form. Since this canonical representation is unique
(proved by Trench in [28]), the proof is complete. O

From Theorem 2.1, it follows that under condition (2.1), Eq. (E) can be written in
the canonical form as

4 (wmi (go(z) (izm)y)) +HNOY (1) =0, t>1>0, (EQ
dr dr dr o= ’

and, immediately, the following results are obtained.

Theorem 2.2 Under condition (2.1), y(t) is a solution of semi-canonical neutral DE
(E) iff it is a solution of the canonical neutral DE (EQ).

Corollary 2.3 Under condition (2.1), the semi-canonical neutral DE (E) has an even-
tually positive solution (EPS) iff canonical neutral DE (EQ) has an EPS.

The above corollary significantly simplifies the investigation of solutions of Eq. (E)
to be for (EQ). We will analyze only two classes of EPSs according to the following
lemma (see, [16, Lemma 2]):
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Lemma 2.1 Assume that y(t) is an EPS of (EQ) and let (2.1) be satisfied. Then, a
11 € [ty, 00) can be found such that the corresponding z(t) satisfies one of the following
two cases fort > ty:

>0, (o)) <0, (97) D=0, (v{p7) ) =0,

and we specify that 7 € Ny in this case,

0 >0, (o)) =0, (o) D=0, (v(p7) ) =0,

and we specify that z € N3 in this case.

The proof of the next lemma proceeds similarly to the proofs in [25, Lemma 2.4]
and [7, Lemma 2.3], therefore the details are not repeated here.

Lemma 2.2 Assume that y(t) is an EPS of (EQ) such that z € N;. Then,

o= (YO o Yoo
JOE (W( 0 (2'®) )\vm) : 2.3)

N Y
2 = G() (w(r)(w) (®)") ) : 24)

o (2O
2(t) = Gz (1) <W) ) 2.5)
and

SZZ((t[)) is nonincreasing (2.6)

forallt > 11 for some t| > 1.

3 Main Results

The following comparison theorem is the first oscillation criterion of this study.

Theorem 3.1 Let (2.1) holds and assume that ¢ : [ty, 00) — R is a continuous
nondecreasing function satisfying ¢(t) < ¢(t) < 61(t) for all t > ty. If both first
order retarded DEs

U' (1) + H(0) QL (1)) GP EUPI (&) = 0 3.1
and
V(6) + H@) QL () RE VY (u@t)) =0 (3.2)

are oscillatory, then Eq. (E) is oscillatory.
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Proof Let y (t) be a nonoscillatory solution of Eq. (E), say without loss of generality
that y (r) > 0, y (61(2)) > 0, y (62(¢)) > O and y (¢ (¢)) > O for all > ¢#; for some
t1 > to. By conclusion of Corollary 2.3, y(¢) is also a positive solution of Eq. (EQ)
for t > 11, and by Lemma 2.1, either z € Ny or z € N, for sufficiently large 7. Both
cases will be dealt with separately.

First, assume that z € A>. Then, we obtain from the neutral term that,

611))
_0 1 [0 @) v @) @ )y @06 ()
r@ @ |67 to) et r@; @)
@ [ 267 0@ yE; " 0h)  r® e h)y@E06, " 0621)
n@ [r@r o6 n@; " 0620)) r1©; " 062(1)

) 1 2070 n 20 06 ()
Tr@® O e @) O e o)

(3.3)

Moreover, using the properties of the deviating arguments mentioned in condition (ii),
following inequalities are provided:

-1
917(0 >1 (3.4)
and .
w > 1. (3.5)
In view of (2.6), it is easy to see from (3.4) and (3.5) that
_ Q@' 1)
1 1
20 () < o0 z(1) (3.6)
and 1
_ QO 062(1))
1 1
z(0) 0 6h(1)) = a0 z(1), (3.7)
respectively. Combining (3.3), (3.6) and (3.7) gives
1 Qe o) @) QO et 1
01() >zt |1 — - ,
yOHO) = < )[ ne ey Qo RICRE0) Q(1) ri (1)

which implies that

y(0) = Q. (07 (1))z(6; " (1)). (3.8)
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Due to the fact that ¢ () goes to infinity as t — 00, a f > #; can be chosen such that
¢(t) = t; for all t > t,. Hence, it follows from (3.8) that

y(¢®) = Qi (E0)z(£®)) (3.9)

for t > ;. If we combine (3.9) and (EQ), we get the following inequality:

(wa)(cp(r) (z/<r>)y)') +HOA(EM)LED) <0, 120 (310

Therewithal, it is obvious from (2.4) that

N Vr
260) 2 (ws(r))(go(s(r)) (' €w)” ) ) GE®). (3.11)

Accordingly, in view of (3.11), the following inequality is obtained from (3.10), for
I =1n,

, y N/ 8 8 , v NBlY
<w<:>(¢<r) (@) )) +H0 QL ()P ) (weu»(wsm) (' €w) )) <0,

/
If one defines U(¢) := ¥ (¢) ((p(t) (z/ (t))y ) , this last inequality can be written as

U'(t) + H(0) QL (£0))GP EUPI (& (1)) < 0, (3.12)

and then, U/ (¢) is a positive solution of (3.12). As a consequence of Corollary 1 in [21],
Eq. (3.1) also has a positive solution, which contradicts our hypothesis that (3.1) is
oscillatory.

Now, let’s consider the case z € Nj. In this case, the inequalities (3.4) and (3.5)
are valid again and due to z(¢) is strictly decreasing, it is clear that

2(1) = 2071 (1) (3.13)
and
2(t) = 207 0 O (1)). (3.14)
Using (3.13) and (3.14) in inequality (3.3), we get
z(1) 1 ra(t)
(% 11— — s
o) = ri(t) [ n@; @) ;! o@z(t))j|

which implies that

Y1) = Quu (07 (0)z(67 (1)) (3.15)
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for all + > 1. Hence,

y(2(0) = Qu(E)z(6(0)) (3.16)

for all + > 1, for some , > ;. Combining inequality (3.16) with Eq. (EQ), we come
to the conclusion that

(w(n(qo(r) (®)" )) +HOL(ED)FED) <0 317
for t > t,. Furthermore, for t > n > t,, we have

F v (e (@) )

o) (Z0)" =0 (Zm)" = / ¥ e

n

which gives

t
/ Y / Y 4 1 1
~Em) =0 (e (F0)") (W n/ w(u)du).

Again integrating, we obtain

t

'
1
—z(t) +z(n) > /(m/

n

1/y

1¥5%
1 , v\
wv)d”) du (Iﬂ(t)(w(t)(z ) ))

and

‘ . t . 7y 1y
/ 14 !
= [ (W) / w(vfl”) au| (vo(eor @0y )) . G
n u

By virtue of ¢(1) < ¢(t) < 01(¢) for all ¥ > 19 and 6 (¢) is increasing, we see that
E() =0, ot () < u(t) = 6, Lopp(r) < r.Ifwesetn = 6; Lot (r)andt = 6, o (1)
in (3.18), we are led to

wo (o 1y 1y

’ 7\

2E0) 4 o / i R (w(u(t))(w(u(t))(z (1) )) :
t

u

Substituting this last inequality into (3.17), we get

’ v\ ! B B , 7\ Bly
(W)(w(t) (Zm) )) +HOQL(E)RP 1) (I/I(M(t))(w(u(t)) (& () )) <0,
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/
for t € [t2, 00). If one denotes V(¢) := w(t)<g0(t) (z/(t))y ) , the last inequality can
be written in the form

V(1) + HO QL (60)RP VP (n(1)) < 0, (3.19)

and then, V(¢) is a positive solution of (3.19). As a consequence of Corollary 1 in [21],
Eq. (3.2) also has a positive solution, which contradicts our hypothesis that (3.2) is
oscillatory. The proof is complete. O

One of the well-known oscillation results of [15] is that: If

t
1
lim inf / H@ndn > —, (3.20)
t—00 e
8(t)

then the first-order delay DE

i[x(t)] + Hnx[8(1)] =0 (3.21)
de

oscillates, where the functions H,§ € C ([fg, 00), R), §(t) < ¢, lim;— 50 8(t) = 00
and H (¢) is nonnegative. Accordingly, the next corollary is an immediate oscillation
criterion, by virtue of Theorem 3.1.

Corollary 3.2 Let (2.1) holds, y = B and suppose that ¢ € C ([ty, 00), R) is a non-
decreasing function satisfying ¢ (t) < ¢(t) < 01(¢) forall t > to. If

1
1
iimint [ #0n Q2 (£ )G Emian > (322)
£
and
t 1
timint [ 1) QL (E )R i > . (323)
u()
then every solution of Eq. (E) is oscillatory. O

The next corollary is a practicable oscillation criterion in the case when y > B.
Since its proof follows directly from inequalities (3.12), (3.19), Theorem 2 of [14] and
Corollary 1 of [21], the details are skipped.
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Corollary 3.3 Let (2.1) holds, y > B and suppose that ¢ € C ([ty, 00), R) is a non-
decreasing function satisfying ¢(t) < ¢(t) < 01(¢) forall t > ty. If

/ Hm) QL (6))GP (Em))dn = oo (3.24)
T

and
/ H QP ()R (n)dn = oo (3.25)
T

foralln > T > ty, then Eq. (E) is oscillatory.

Lemma 3.1 [22] Assume that € > 0 is a real fixed number; X is a ratio of two positive
odd integers such that A > 1. Then, the first order delay DE

X @) +m@x*t—e)=0
oscillates, provided that
lim inf[ri log (m(t))] >0,
=00

where m : [ty, 00) — (0, 00) is a continuous function.

For the case when y < B, we can give following oscillation result for Eq. (E). In
the next corollary, we suppose that ¢(¢) =t — £, ¢(t) =t — £2,01(t) =t — €3 and
02(t) =t + £4 where £1, {3, {3, £4 are positive real constants.

Corollary 3.4 Let (2.1) holds, vy < B and £y > €y > (3. Then Eq. (E) is oscillatory
provided that

t—0o0

. B\ TG 8 8
lim inf ; log (H(1) Qs (t — €1+ £3)GP (t — €1+€3)) | >0 (3.26)

and

.. B\ ‘12L(3 B B
liminf | [ & log (H(H)Qki(t — €1 + 63)RF (1)) | > 0. (3.27)
11— 00 y

Remark 3.5 Since the neutral term of the Eq. (E) involves both retarded and advanced
type deviating arguments, none of the oscillation criteria given in the [8, 23-25, 31]
can be applicable to the (E). If we take r () = 0 in z(¢), then the results of this paper
reduce to those in [25].
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4 Examples and a Remark
In this final section, we give several illustrative examples to demonstrate applicability

of the presented results, and a remark to indicate that further oscillation theorems can
be established under assumptions of this study.

Example 4.1 1f we take

e B=y=1,f@) =1>g@) =1t""and h(t) = h,/t* with h, is an element of
positive real numbers;
e Oh(t) =2t,01(t) =1t/2,¢(t) =t/4,r1(t) =256 and 1 (t) = 2,

then the third-order mixed neutral DE (E) becomes a linear equation as

d /,d/1d t he (Y

fort > 1. So, (i) — (iii) hold with

o0

—dn:/ n*dn:1<ooand/
to f(77) 1 to

and Eq. (4.1) is in the semi-canonical form. With a simple verification, we see

] o
——dn = / ndn = oo,
gYr () 1

fv)=;w Y (1) = (t) = 1 and H(t) = h. /1>,

and the transformed Eq. (EQ) in canonical form becomes

3

d t hy t
e <y(t) + 256y <§> + 2y(2t)> + t_3y <Z) =0, 4.2)

fort > 1. Letting ¢ (1) = £ yields

E(I)—t< (t)—2t<tand7€(t)—t2 fort > 1
T, MU= Tt =

With a direct computation, we obtain

(t — 1)
2 9

0.(t) > 2.2736 x 1072 and Q... (t) =

Q) = (r — 1)?,

253
65536

vy =t—-1, g@) =
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for t > t; = 2. Thus, condition (3.22) becomes

t
lim inf / Hn Q% (£6n)GP Em)dy

&(1)
t

h
> liminf | ——=(2.2736 x 107)(n — 2)%dp
t—00 23713

t/2
t
2.2736h, (1 4 4 2.2736h
zliminf/—* ——— 4 —)dp =2
t—00 203 n nz ,73 203
t/2
and (3.22) is satisfied provided that &, > m Condition (3.23) becomes

t
hye 253 n? 253h,

D 290 1 In3/2
73 65536 721 = 132 Y/

t
lim inf / H(n) Qf* (5(77))72'S (n)dn = lim inf
11— 00 —00
() 21/3

21
3 1n3/2

solution of Eq. (4.1) oscillates provided that i, > ﬁ We note that the previous
results for neutral type DEs given in [8, 25, 31] cannot be applicable to the Eq. (4.1).

and (3.23) is satisfied provided that &, > 5551575 Hence, by Corollary 3.2, every

Example 4.2 1f we take

e B=5/T,y =1,r(t) =10t,r2(t) = 1/64, f(t) =t* and g(t) = };
o [(t)=*%,00(t) =2t,01(t) = 5 and h(r) = h,/t* with h, > Oandk <5/7,

then the third-order mixed neutral DE (E) becomes a sublinear equation as

dpd(le )+ Ly he s (L) =
& (f @ (z a (y(t)+ 10ty<3> + 64”2”))) + i (5) =0, “4.3)

for t > 4. So, (i) — (iii) hold with

o l o0 ) 1 o0 1 o
—dn=/ n_d77=—<ooand/ —d77=f ndn = oo
10 f(?’]) 4 4 1 gl/)/(r’) 4

and Eq. (4.3) is in the semi-canonical form. Moreover, with a simple verification, we
get

F@t) = ; V(1) = (1) = 1 and H(r) = hy /1!,

and the transformed equation in canonical form becomes

a3 B
] (y(t) + 101y (%) —y( )) 7 <§> =0, (4.4)
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for t > 4. Note that 91_1 o¢(t) =3t/5 < t. Letting ¢ (¢t) = t /4, we get

0 0 2(t) <6 0 (1) = 2 < 1 and R = 2 fors > 4
(¢] o) = — = — .
! ! 4 800 -

With a direct computation, following resultings can be found that:

12 )
V() =1t—4, g(t):5—4t+8, Q)= (t —4),

95113 — 795612 4+ 16124t — 512
>0

1) >
Q) = 960072(t — 4)2
38397 — 128
d =227 2
and Que (D) = —e00z >

fort > t; = 5. Thus, condition (3.24) becomes

o0

r 1
[ ot eam)ot €oman= & [ —man=o0
T

T

where £ € Rt and T} > T. Also, condition (3.25) becomes

o]

T 1
[ HonQuem)Re o = & [ —dn = oo
T T

where & € RT and T} > T. Hence, by Corollary 3.3, Eq. (4.3) oscillates provided
that « < 5/7. It should be pointed out that the results given in [8, 25, 31] cannot be
applicable to the Eq. (4.3).

Example 4.3 With

e B=3,y=1,r(t) =3t,r2(t) = 1/2 and h(t) = t exp(8');
o f(1)=er>withO <e R, g(t) =1/ot with0 < o € R;
o [(t)=t—4witht; =4,60,(1) =1+ 2 with 4 =2,0,(t) =1 — 2 with 3 =2,

the third-order mixed neutral DE (E) becomes a superlinear equation as

d(pd 1 di oy Yt N3y —
@ (st @ (Utdt <)(t)+3ty(t 2) + 5 >>)+texp(8)) (t—4)=0, 4.5)

fort > 5. So, (i) — (iii) hold with

| 1 [~ 1 1 © 1 o
—dnp = - —zdn:—<ooand 1—d77:U ndn = oo,
w Ja els n 5¢ v 87 () 5
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and Eq. (4.5) is in semi-canonical form. Moreover, with a simple verification, we are
led to

t
Fy=—, v =12 o0 =" amdmH@ = Z2E)
et &€ o o

and the transformed Eq. (EQ) in canonical form becomes

d3 1 o (3
@(y(t) 30y (1 =) + 33 + 2)) +Zep®)P -4 =0 (@46)
forr > 5. Letting ¢ (1) = —3 + t with £, = 3 yields

£() <M(t)=z—1<tandR(r)=%forr25.

With a direct computation, following results are obtained that:

W) =t —5), Gt) = % (t2 —10r + 25) . Q) = (572
6r* — 2713 — 15812 4 453t + 1126
>
1815 — 7214 — 48613 + 126072 + 36001
612 + 331 + 38
d 1) =
and QD) = T3 T08:2 1 1adr

Q*(t) =

for t > #; = 6. Since the limit inferiors of (3.26) and (3.27) diverge to infinity as
t — oo, Eq. (4.5) oscillates, by Corollary 3.4. It should be noted that the results
presented in [8, 25, 31] cannot be applicable to the Eq. (4.5).

Remark 4.4 Let’s denote

0 [1 1 72 (1) Q(@lloez(t))i| 1

TR0, @ ety Q@ "’

where 6, Iand 05 I are inverse functions of 6; and 65, respectively. If the function
Qs (1) 1s substituted instead of the function Q. (¢) in Theorem 3.1 and Corollaries
3.2-3.4, then some new oscillation results can be established for Eq. (E), provided that
Q. (1) 1s nonnegative, r1(t) > 1, r2(t) > 1, r1(¢) # 1 and ro(¢) # 1 for sufficiently
large ¢, in condition (7).

5 Conclusion

In this paper, we have considered a class of third-order nonlinear semi-canonical
functional DEs whose oscillatory behaviors have not been performed before in the case
when the neutral term is of mixed type. Under certain conditions, we have shown that
a semi-canonical equation can be transformed to an equivalent equation in canonical
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form. So it is interesting to observe that the results presented in this work could be
applied to both types of equations. In view of this connection, our results are new and
different from others reported in the literature.
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