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Abstract Existing pores play a significant role in structural materials used in structural members such as
plates, shells, and beams. Numerous qualities expected from structural materials involving the lightweight,
high stiffness-to-weight ratio, high strength-to-weight ratio, resistance to mechanical and thermal shocks, and
thermal insulation can be satisfied by setting porosity distribution from one surface to another. The porosity
distribution affects the Young’s modulus, shear modulus, and mass density of the material. However, there is a
lack of study on the lateral-torsional buckling (LTB) behavior of porous orthotropic thin-walled beams with I-
sections. To remedy this lack, this paper aims to analyze the lateral-torsional buckling (LTB) behavior of porous
orthotropic thin-walled beams with I-sections subjected to a uniformly distributed load. Young’s modulus, shear
modulus, and mass density are assumed to be varied in the height direction according to four different porosity
distribution patterns. The governing differential equation system of the LTB problem, including the equation
of the warping effect, is developed using the Virtual work principle based on classical beam theory. Galerkin’s
method and an auxiliary function of simply supported boundary conditions are employed to obtain critical
LTB load formulation. Additionally, the formulation is confirmed via comparing with existing literature. A
parametric study is applied to investigate the influences of porosity coefficients, porosity distribution patterns,
orthotropy, slenderness ratio, and geometrical characteristics on the LTB characteristics of porous beams.
Parametric study indicates that critical LTB loads of orthotropic I-beams reduce as the web depth and porosity
coefficients increase, and they increase with an increase in the orthotropy ratio, flange slenderness ratio, flange-
to-web thickness ratio, and span of the beam. The buckling loads of the beam with the D1 pattern are higher
than its perfect (D4) counterpart, so the D1 porosity pattern is the best choice to improve the bearing capacity of
orthotropic I-beams. Also, the nonuniform porosity distributions (D1 and D3) increasing from origin to flanges
enhance the lateral stability of I-beams because the flange has the maximum Young’s modulus. The novelty of
this study lies in its comprehensive LTB investigation of orthotropic thin-walled beams with I sections exposed
to specific effects, such as porosity and warping. These effects on the structural performance are highlighted
to significant insights into the porous material design to improve engineering structures’ LTB resistance. This
study enhances our understanding of composite materials and their application in structural stability analysis
across various engineering fields.
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1 Introduction

The thin-walled structural elements have been used in various engineering fields, such as steel structures,
bridges, and airplane wings. This situation occurs because of their higher in-plane strength-to-weight and
stiffness-to-weight ratios, architectural demand, and functional requirements. However, poor torsional strength
and out-of-bending resistance are some handicaps for thin-walled beams with open or closed cross sections.
Moreover, the thin-walled beams without rigid lateral supports can undergo LTB deformations at a value well
below their ultimate flexural strength capacity. In summary, a laterally unbraced thin-walled beam subjected
to initial bending around its major axis may suddenly undergo the flexural-torsional situation due to the above
handicaps. So, the deformation changes from in-plane bending to the torsional bending. The result is that
the LTB deformation model includes a lateral deformation and a cross-sectional torsion depending on the
geometrical characteristics of the thin-walled cross section. Also, this torsion involves the warping effects of
the cross section. The combination of bending and torsion (with warping) makes the behavior of thin-walled
beams quite complex.

In recent years, the application of thin-walled beams with various cross sections has a significant interest
in many engineering fields due to allowing the optimal design involving a high strength-to-weight ratio.
With technological developments, thin-walled structural components of lightweight materials with desirable
features such as high stiffness-to-weight ratio, high strength-to-weight ratio, and fatigue resistance have become
increasingly common. Therefore, analyzing the LTB response of porous orthotropic thin-walled beams with
I-section is necessary. A literature review is presented in the following paragraph with a short description of a
few of them.

Based on the finite element simulation, Dahmani and Drizi [1] aimed to fill the gaps in the literature about
design rules for eccentrically loading thin-walled beams with channel cross sections. Bedon and Amadio
[2] presented a closed-form solution for the LTB behavior of laterally restrained glass beams to develop
a standardized design method. Derks [3] presented a buckling tool to provide engineers with an accurate,
simple, quick, and effective assessment of composite beams’ lateral shear and buckling responses. Based
on the FE test simulation, Subramanian et al. [4] tested the I-section member’s LTB resistance to propose
improvements to the current LTB resistance equation to estimate numerical values closer to the test results.
Subramanian and White [5] performed a uniform bending test to analyze the sensitivity of LTB equations
based on AASHTO and AISC for steel I-section members. Jonsson et al. [6] investigated the accuracy of the
interaction methods for coupling effects of flexural and lateral torsional buckling using statistical data based
on Eurocode interaction equations. Sahraei and Mohareb [7] presented an FE formulation to estimate the
LTB capacity of plane frames with moment connections. They deduced that the solution agrees well with the
shell-based FE solution for LTB resistance predictions. Fortan and Rossi [8] validated ANSYS’s geometrical
and material nonlinear model with the experimental steel beam’s LTB response results. They also performed
parametric studies to ensure the design safety of all stainless-steel families considered in civil engineering
structures. Agiiero et al. [9] proposed a method to predict the effects of initial imperfection on the LTB
capacity of beams with doubly symmetric sections. Their method involved the Eurocode rules, considering the
geometrical equivalent of Unique Global and Local Initial imperfections. Rossi et al. [10] aimed to investigate
the effects of structural imperfections (residual stresses) on the LTB resistance of I-beams based on the post-
buckling numerical analysis with ABAQUS software. Armouti [11] analyzed the LTB of elastic prismatic
beams under general loading and boundary conditions using FEM analysis based on linear beam element
formulations. de Carvalho et al. [12] aimed to fill the gaps in the literature with the investigation of global
stability and LTB strength of I-beams made of sinusoidal web openings. They performed parametric studies
for the LTB response of this beam type using ABAQUS, including initial imperfections. Soltani [13] analyzed
the LTB behavior of thin-walled beams with tapered I-sections based on the classical laminated beam theory
and Vlasov’s assumptions. The author presented the influence of tapering ratios, transverse load position, and
lamination schemes on the LTB resistance of laminated I-beams. Stroetmann and Fominow [14] investigated
to the calibration of imperfections such as geometrical imperfections and residual stress for standardization
proposal of a LTB strength based on Eurocodes. Belaid et al. [15] proposed an analytical formulation of the
critical LTB moment of unstrained steel beams subjected to asymmetrical loading. Diigenci [16] studied to
determine all irregular displacements in high-web beams caused by LTB effects using an image processing
technique. The author detected the deformations and displacements caused by LTB effects with an accuracy of
99. For analyzing the LTB response of corrugated web girders, Pandit et al. [17] proposed a homogenization
scheme based on strain-energy phenomena to convert corrugated sections into equivalent flat sheets using FE
model.
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The literature review deduces many investigations about the buckling and vibration responses of the porous
beams with various cross sections [18—31]. Many investigations in the literature presented the effect of porosity,
elastic foundation, electric and magnetic potential, graphene nanocomposites, volume fraction index, thermo-
mechanical and geometrical characteristics on the bending, buckling, post-buckling and vibration responses of
FG porous beams based on the shear deformation theories [32—45]. Li and Zhang [46] investigated the buckling
and post-buckling response of FG porous nanobeams under the follower force, including surface effects such
as surface stiffness and surface residual stress. They used symmetrical and asymmetrical porosity distribution
models to grade the porous material properties in the thickness direction. Phan and Nguyen [47] proposed a new
higher-order beam theory to analyze FG porous beams’ free vibration and buckling with varying mechanical
characteristics along the thickness depending on the three typical porosity distributions. Turan and Adiyaman
[48] presented the influence of boundary conditions, graduation index, porosity coefficients, porosity patterns,
and slenderness on the buckling sensitivity of bi-directional FG porous beams using higher-order finite element
model based on parabolic shear deformation theory. Wang and Li [49] studied the thermoelastic dynamic
responses of FG porous beams consisting of two porosity distribution patterns exposed to three thermal and
wet conditions. Zhang and Sun [50] aimed to analyze the buckling and nonlinear post-buckling behaviors
of bi-directional porous beam under bi-directional hygrothermal loadings using Euler—Bernoulli beam theory
involving the von-Karman nonlinear assumptions. Song and She [51] investigated the nonlinear vibrations
and chaotic dynamic behaviors of rotating graphene platelets reinforced metal foams with three different
distribution patterns of graphene platelets under thermal loadings. They used Runge—Kutta and multi-scale
methods to analyze the amplitude-frequency response, bifurcation curve, and chaotic motion of the rotating
blades. Zhang and She [52] analyzed the combined resonances of spinning cylindrical shells subjected to
multi-source excitation using Reddy’s higher-order shear deformation theory. They presented some numerical
analyses to show the influence of different parameters on the combined resonances and chaos motions.

There is a lack of study in the existing literature addressing the LTB characteristics of beams or arches made
of porous materials. Under thermos-mechanical loads, Ziane et al. [53] proposed a new formula for critical
LTB moment of box beams with varying material properties along the wall thickness based on a power law
rule. Liu et al. [54] presented the effects of porosity coefficients, porosity patterns, graphene platelets’ weight
parameter, load position, and slenderness ratio on the LTB capacity of FG porous circular arches reinforced
with graphene platelets exposed to an arbitrary radial concentrated load. Therefore, the literature review shows
that the LTB analysis of orthotropic porous beams has not been reported yet despite its practical importance.

Because of the application of composite structural members with thin-walled cross sections made of
lightweight materials such as porous materials in the various engineering fields, especially aircraft, high-speed
trains, etc, it is necessary to analyze the porous orthotropic thin-walled beams with I section. In the field
of aerospace engineering, for instance, there is an ongoing effort to reduce the weight of structural elements
while simultaneously enhancing their strength and stability. The implementation of this process is of paramount
importance for the improvement of fuel efficiency, an increase in payload capacity, and an overall enhancement
of the vehicle’s performance. Due to their favorable strength-to-weight ratio, thin-walled structures such as
I-beams have become a prevalent material for the construction of aircraft fuselages, wings, and other critical
components.One of the primary challenges encountered in the design of these thin-walled structures is that of
ensuring their stability under various loading conditions, such as uniform distributed loads. These loads have
the potential to induce lateral-torsional buckling, a failure mode characterized by the twisting and bending
of a beam in a lateral direction, which could result in a catastrophic failure. Such risks are compounded in
porous orthotropic materials, which are frequently employed in aerospace applications due to their tailored
mechanical properties and reduced weight.

The methodology outlined in this study on the lateral-torsional buckling response of porous orthotropic
thin-walled I-beams subjected to a uniformly distributed load can be effectively employed in the design of
lightweight aerospace components. A comprehensive understanding of the influence of porosity distribution
and orthotropic material properties on buckling behavior allows engineers to optimize the design of I-beams
used in aircraft structures. This optimization could involve:

e Selecting the appropriate porous orthotropic materials with tailored properties to enhance stability while
minimizing weight.

e The design of I-beams with specific porosity distributions serves to delay the onset of lateral-torsional
buckling, thereby increasing the safety margin.

e The utilization of derived analytical models for the simulation and prediction of buckling behavior in new
materials and designs prior to physical testing facilitates a reduction in development time and associated
costs.
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The knowledge obtained from this investigation could facilitate the advancement of more productive and
secure aerospace structures, thereby contributing to the evolution of lightweight materials within the industry.
By implementing these findings, engineers can develop more effective designs that meet the rigorous standards
of aerospace and other engineering applications.

However, there is a lack of study on the lateral-torsional buckling (LTB) behavior of porous orthotropic
thin-walled beams with I-sections. To remedy this lack, this paper focuses on analyzing the LTB sensitivity
of porous orthotropic double-symmetric I-beams with various porosity distribution patterns. The governing
equations involving axial, vertical, and lateral deformations, twisting angle, and warping effects are developed
using the Virtual work principle based on the classical beam theory. After some mathematical process, the
governing equation is obtained only regarding the twisting angle. The governing differential equation can be
solved using Galerkin’s method and an auxiliary function satisfying the simply supported boundary condition,
and then the LTB formulation is obtained. The acquired formulation can be applied to estimating porous
orthotropic I-beams’ critical LTB load values. Our results are compared with those in the existing literature
to confirm the accuracy and efficiency of the obtained formulation, and a good agreement is observed. A
parametric study is presented to estimate the effects of porosity coefficients, porosity patterns, orthotropy,
warping parameters, slenderness ratio, and geometrical characteristics on the critical LTB load values of
porous orthotropic thin-walled I-beams exposed to a uniformly distributed load.

2 Theoretical formulations
2.1 Geometrical description of I-beams and kinematics relations

This study focuses on the lateral-torsional buckling (LTB) analysis of an orthotropic I-beam with various
porosity distribution patterns. Figure 1 indicates the Cartesian coordinate system with the x-axis along the
longitudinal direction, y-axis in the lateral direction, and z-axis along the vertical direction. The origin of these
axes (0) is located at the centroid of the doubly symmetric I-section. The symmetrically porous orthotropic
I-beam is initially subjected to a laterally distributed load g. Figure 1 also shows the cross section of the beam
with the height /4, the flange width b, the flange thickness ¢ and the web width #,,.

This study considers the nonuniform torsion model based on the classical beam theory for describing the
displacement field of a point on the section. This beam theory assumes that the beams are slender and long

Fig. 1 Geometrical configuration for doubly symmetric I-beam subjected to a uniformly distributed loading and view of lateral-
torsional deformation of cross section
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and there are no shear deformations in the surface of the section. Also, it is admitted that the cross section
does not change shape during deflection. These assumptions mean the cross section is rigid in its plane, so no
distortional deformation occurs. So, the beam’s deformation can be described as three distinct motions: (i) an
axial displacement U (x, y, z) in the x direction, (ii) a lateral displacement V (x, y, z) in the y direction, (iii)
a vertical displacement W (x, y, z) in the z direction. From these assumptions, the displacement fields for an
arbitrary point on the beam can be determined as follows [13,55-57]:

dV, dW, dQ
Ulx,y,z) =Up(x) —y a(,)(x) -z o) Y(y,2) )

X dx dx |
Vx,y,2) = Vo (x) — 22(x) M
Wi(x,y,z) = Wy (x) + yQ(x)

where Q2 is the twisting angle, the cross section’s rotation is a linear function of the axial coordinate. Uy,
Vo, and Wy are the displacement components of the reference point O. The term v (y, z) is the out-of-plane
displacement, called the warping function, which can depend on the y and z coordinates. It can be expressed
as follows [54]:
vz for upper flange
V(y,z) =4 —yz forweb ()
yz for bottom flange

Strain—displacement relations in a Cartesian coordinate can be expressed as follows:

oU A% ow

Ex=—, &y = —, & = —

T Y ay’ ¢ 0z 3)
au oV U oW av. oW

Iy T T T T Ty

in which &; and y;; are normal and shear strains, respectively. Substituting Eq. (1) into Eq. (3) gives the
following strain relations:

_dU d*vy  d*Wy wdzsz B N dy\ dQ B dy\ dS2
Tax Va2 T Yax? ax2 T S dx T

dy dz
gy =€, =Yy; =0

Ex

dx 4

2.2 The material properties of the porous orthotropic I-beams
This paper considers four types of porosity distribution: a uniform porosity distribution (UD) and three nonuni-
form porosity distributions (D1, D2, and D3). D1 corresponds to a symmetrical distribution with decreasing

stiffness from the cross section’s surface to the origin. D2 represents a symmetrical distribution contain-
ing increasing stiffness from the cross section’s surface to the origin. D3 denotes asymmetric distribution

M T JUU%%)O T
0 i
) ) foxs )

| S !
U EEeef®  FRNTY e
UD DI D2 D3

Fig. 2 Configuration of the UD, D1, D2, and D3 porosity distribution patterns on the cross section of the I-beam
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with increasing stiffness from the cross section’s top surface to the bottom surface (as illustrated in Fig. 2).
eo = e, = 0 means perfect material properties, which D4 represents through this paper.

Assuming that the material properties of the beam vary through the height direction of the beam’s section,
Young’s modulus E, shear modulus G, and density p of porous beams are described as follows:

e for D1
7
(E, nys G)CZs 10) = (E07 GOxys GOXZ» 100) I:l - (607 eOa eOv em) cos <7>:| (5)
e for D2
. (mlz]
(Ev nyv Gva p) = (E()s GOxy» GOXZ? 100) 1 - (601 €0, €0, em) s T (6)
e for D3
345 | /mz
(E. Guy. Gaz. p) = (o, Gosy: Goz. po) | 1 = (e, eo. eo. em) = sin () )
e for UD
(E, Gy, Gxz, p) = (Eo, Goxy, Goxz» 00) (€0, €0, €0, €n) (8)

where Eq, Goxy, Goxz, and pp are the porosity-independent material properties. eg and e, are porosity
coefficients of modulus and density, respectively. The porosity coefficients can be determined as ep = 1 —
Ei/Eo=1-G1/Gopande, = 1—p;/pointherange of 0 < {eg, ¢,;,} < 1. The typical mechanical properties
of porous material can be described based on density as follows [53-56]:

2
Ei = Eo (ﬂ) ©)
£0

The relationship between the porosity coefficients for the UD pattern can be obtained as follows using Eq.

9):
en =42 (10)

The masses of porous beam section with UD and D1 patterns are set to be equal as

0.5h 0.5h
/ V Eodz=/ /1 — egcos (E)dz (11)
0 0 h

The porosity parameter calculated by solving Eq. (11) can be estimated using the following relation:
20 = 1 — 0.3194¢5 4 0.6869¢) — 0.6058¢4 4 0.2313¢j — 0.0697¢5 — 0.6336¢¢ (12)

A significant relationship exists between the beam’s bearing capacity and Young’s modulus. Therefore,
examining Young’s modulus distribution along the section for various porosity distributions is important.
Figure 3 illustrates Young’s modulus variation along the section height for four distinct types of porosity
distribution.
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Fig. 3 Variation of Young’s modulus through the section height

2.3 Stress—strain relations

Based on Hooke’s law, we can write the stress—strain relations of a porous orthotropic I-beam as follows
[13,55-57]:

ox = Q11(2)éx, Ty = Q66(2)Vay, Taz = O55(2D) vaz (13)
in which
E(2)
011(2) = R 055(2) = Gxz(2), Qo6(2) = Gry(2) (14)
Substituting Eq. (4) into Eq. (13), the stress—strain relations can be obtained as:
[dUy  d*Vy  d*Wp d’Q
ox = 01 _E TR dx2i|
Tyy = —Q66(2) |:<Z + %)} % (15)
[ dy\]dRQ
Ty; = 055(2) _(y - E>:| %

2.4 Virtual work principle for a porous orthotropic I-beam

We can obtain the constitutive equations of the porous beam’s LTB problem using the Virtual work principle.
The imperative is to ascertain the critical load at which the overall potential energy of the buckled system
attains a stationary state. The analysis presupposes that the ultimate deformation encompasses three primary
components: horizontal displacement, vertical displacement, and rotational displacement. The deformation
process unfolds in a dual-stage manner, wherein the initial stage involves bending the beam in the vertical
plane. Subsequently, upon reaching the critical load, the beam undergoes simultaneous torsional and lateral
bending deformations. Accordingly, the equilibrium equations for the beam’s LTB problem are derived from
the Virtual work principle given by [13,54-57]:

§(Us —We) =0 (16)

§ is the variation term. U; represents the elastic strain energy, W, expresses the work done by applied loads.
So, the variation in porous orthotropic I-beam’s strain energy can be reduced to the following terms:

L
sU; = / /(ax&sx + Tey8¥xy + Txz8yxr)d Adx (17)
0o Ja
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in which L and A correspond to the beam’s length and the cross-sectional area. Substituting Eq. (4) into
Eq. (17), the following equation can be obtained:

dsUy d28V0 d2sWy d25Q dy\ déQ dy\ déQ
sU - - : — ) — ) — —— | — | |dadx (18
s / / ( |: dx2 ¢ dx? v dx? too et dy ) dx T\ dz dx x (18)

Performing integration for Eq. (18), we have the variation of strain energy formulated in terms of stress
resultants acting on the cross-sectional area of the elastic beam in the buckled configuration as follows:

dx (19)

- M, M My ——
dx )dx2+zdx2+wdx2+”dx

L dsUy d*sWy d%sv, d*sQ dsQ
SU,; = N,
0

in which
Ny =/0di, M, :/zadi, M, :—/ yoxdA, My = —/ YoxdA
A A A A

_ _dvy av
A G R Sl

where N, is the axial force. My and M, are the bending moments about major and minor axes, respectively.
My is the warping moment due to the warping of the cross section. My, is the St-Venant torsion moment.
Based on the classical beam theory, the stress resultants are derived in terms of displacement components by
substituting Eq. (15) into Eq. (20) as follows:

(20)

dUy d*Vy d*w, d*Q

—A—=_B _ -
Ne=A- Vax2 ~ 72 dx2 Vdx?
dUy d*Vv d*Wy d*Q
M, =A~2_p B —C
Y 2 x 3 dx2 4 ax2 2 dx2
dU d*Vy d*w, d*Q
M,=—A;—— + B B C 2D
‘ 3 dx +Bs dx? + Do dx? +6 dx?
My =200 g V0 g S 40
V= Y dx T ax2? 8 dx2 4 dx2
dQ

Mg = (Cs + C6)d_
X

In this equation, A denotes axial stiffness. B; (i = 1..6) represents the flexural stiffness of y- and z-axes.
C;(i = 1..4) is warping and C; (i = 5, 6) torsional stiffness of porous orthotropic I-beam, defined by

—0.5d 0.5d 0.5h
Ay =b/ Qn(z)dz+tw/ On(dz+b 0n1(2)dz
—0.5h ~0.5d 0.5d
~0.5d 0.5d 0.5h
A2=B2=b/ ZQ11(z)dz+tw/ zQ11(z)dz+b/ z011(z)dz (22)
—0.5h —0.5d 0.5d

—0.5d 0.5d 0.5k
B4=b/ Zlel(Z)dZ-i-tw/ Zlel(Z)dZ-i-b/ 22 011(2)dz
~0.5h d 0.5d

b3 —0.5d t3 0.5d b 0.5h
Bs = — dz + 2 dz + — d
=13 s O11()dz + 12 Q11(Z) Z+ B Q11(Z) z
b3 —0.5d l‘3 0.5d 3 0.5h
=C d — d — 4 Vd 23
3=1 ZQH(Z) Z+ 12 an(z) zZ+ B an(Z) z (23)
b3 —0.5d t3 0.5d 0. Sh
Cy=— Z Q11(z)dz+— z Q11(z)dz+—/ 22 011(2)dz
12 J_o.5n 12
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3 0sd
Cs = ?w 0s5(2)dz
—0.5d

—0.5d 0.5h (24)
Ce = 4b / 2% Qe6(2)dz + 4b / 22 Q66(2)dz
—0.5h 0.5d

A3=A4 =B =B3=Bs=Bs=C; =C, =0

This study assumes that a uniformly distributed load can be applied to the I-beam’s centroid (shear center),
and that the load remains vertical for the buckled beam’s shape. The deformation of the beam occurs as follows:
(1) it bends in the vertical plane, and (ii) it laterally buckles. The second case concerns estimating the energy

of lateral buckling. B4V 2 V" = M, can be wrltten M is the moment about the buckled beam’s vertical axis.
The value of the slope is obtained as ‘flvo = x— Based on the sign conventions between the unbuckled and
buckled beam’s axes, it can be written as M .= —SZM y. For uniformly distributed load conditions, the bending
moment distribution through the x-axis is given by
L? [(x x?2
M. =—g— 2 _ 2 25
y =15 (L L2) )
The variation in the work of porous orthotropic I-beam is expressed by
L 4 2\ 2
L Q
SWEZ/ P (2 o) 2 ax (26)
0 2 L L?) Bs
Substituting Egs. (19) and (26) into Eq. (16), we have
/L v 40 d*swy Y d*svy Y d*sQ RETICLILAW
—_— = X
0 Y dx Y dx? ¢ dx? Va2 S dx

2 27)

,L* 2\" Q
_/ Poa (22 Zsa)ar=o0
0 2 L L?) Bs
The constitutive LTB equations can be derived through integration by parts and setting the coefficients of
sUq, 8Wy, 8 V), and 52 to zero, as outlined below:

2
d*N, 0, d’My _ 0. d*M, _o,
dx? dx? dx?
2
d2M¢ dM,; 2L_4 <x xz) Q

T Bs

(28)

L L2 =0

Substituting Eq. (21) into Eq. (28), we can obtain the following set of constitutive equations for the LTB
problem:

d3U() d4W()

A== = "l o 29
Vdx3 2 dx? (292)
d*Uy a*wy

A=l 29b
2.3 43 (29b)
d*Vo +C e _, (29¢)

— C

> dx* de4
Ve . d*Q 2 LY (x 2\ Q

B+ O — GO —a (Z‘ﬁ) B (290

Substituting Eq. (29¢) into Eq. (29d), we have

d*Q d2§2 , LY (x X2
e P —x(=-=) @=0 (30)
Nd = g2 235x ( )
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where

B7C3
n = Cs — Bs 2 = Cs+ Ce (3D

3 Solution of LTB problem

Since the resulting form of LTB equilibrium equations is only in terms of the twisting angle, the approximate
lateral-torsional buckled shape of the beam must satisfy the essential simply supported boundary conditions for
torsional rotation. For simply supported boundary conditions of I-beam, the twisting angle equals zero at both

ends:  (0) = Q (L) = 0. Furthermore, the I-beam’s both ends are free to warp: <d29(0)> = (sz(L)> = 0.

dx? dx?

Therefore, the twisting angle becomes:

Q(x) = Q sin (””L”) (32)

where 2 is the arbitrary coefficients. m represents the number of half-waves in the x direction.

Galerkin’s method is one of the most convenient solution techniques to estimate the critical LTB load
values of different types of continuous structural elements. By substituting Eq. (32) into Eq. (30) and applying
Galerkin’s method, we obtain the following LTB load equation of ¢ as follows:

3.3 2 2.2
m°n”® [ Bs (naL*+ nim*m
a= 109547\/ B (Hets) 39

The LTB load of the beam depends on the parameter m, and the critical LTB load (g.,) value can be
obtained as the minimum value among these LTB loads.

4 Numerical results

In the previous section, an analytical methodology based on the virtual work principle has been formulated to
estimate the critical LTB load values of the I-beam. This section presents a comprehensive parametric study
to illustrate the effects of significant parameters, including porosity distribution patterns, porosity coefficients,
orthotropy, and geometrical characteristics, on the LTB sensitivity of porous orthotropic I-beam. The evaluated
LTB load is expressed in the non-dimensional form to enhance comprehension of the numerical results:

_ Yer L3
Eotyh
The following section is subdivided into two distinct subsections: the initial subsection focuses on verifying

the proposed formulation. At the same time, the second one investigates the influence of the factors mentioned
above on the LTB response of the porous orthotropic I-beam.

(34)

4qnd

4.1 Verification studies

A comparison of critical LTB moments of an isotropic I-beam subjected to a uniformly distributed load is
applied. The critical buckling moment values are compared with the results of Sapountzakis and Dourakopoulos
[45] and Mohri et al. [36], as given in Table 1. For comparison, the case of a simply supported IPE300 beam
with characteristics of Eg = 210 GPa, Gy = 80.77 GPa and L = 6 m has been studied. The critical LTB
moment is determined as follows:

(35)

It can observed from Table 1 that critical buckling moment values obtained using the present investigation
are in good agreement with the results of the given references.

A comparison is made between the critical LTB moment results provided by Eq. (35) and the results
of Benyamina et al. [55] to achieve the accuracy and efficiency of the proposed analytical solution. For
comparison in Table 2, the case of a simply supported [-beam with various geometrical characteristics and
material properties of Eg = 210 G Pa and v = 0.3 has been considered.
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Table 1 Comparison of critical LTB moment values of D4 isotropic IPE300-beam

Source mer (kNm)
Sapountzakis and Dourakopoulos [57] 97.72
Mohri et al. [56] 98.20
Eurocode-3 [58] 94.07
Present 93.96

Table 2 Comparison of critical LTB moment values of D4 isotropic doubly symmetrical I-beam subjected to uniformly distributed
load for various geometrical properties

mer (kNm) Present
Benyamina et al. [10]

Geometrical properties

by x 17 X ty x h(mm) L (mm) Ritz method Analytical method FEM Eq. (35)

150 x 12.7 x 9.4 x 450 6000 184.61 186.22 183.96 186.23
9000 103.25 104.18 103.31 103.73
12,000 71.50 72.16 71.36 71.67

190 x 14.6 x 9.4 x 450 6000 336.06 338.66 323.57 327.36
9000 188.64 190.18 182.56 183.67
12,000 130.89 132.03 126.44 127.44

4.2 Parametric studies

Specifically, a simply supported I-beam with various porosity distributions and a span of L subjected to a
uniformly distributed load is considered for analysis. It is assumed that both flanges’ widths are (b), the I-
section web depth is (d), and the thickness of the web is (#,,) and both flanges’ thickness are (¢7). The beam
is made of orthotropic graphite/epoxy (T) with the following elastic properties:

Eg =131 (GPa), Goxy =6.895 (GPa), Gox; = 6.205 (GPa), vip =0.22, vy = 0.017

where the fibers are parallel and perpendicular to x- and y- axes, respectively, the evaluated critical LTB
moment is expressed in the non-dimensional form as follows:

me, L3

_ 36
E()tl%l’l4 (36)

Mpd

In the first LTB analysis, the effect of slenderness on the lateral buckling stability of simply supported
I-beam is investigated. The beams are made of porous orthotropic material with various porosity distribution
patterns. The beam’s slenderness has been varied from 2m to 12m. It is assumed that both flanges are to be
190 mm wide (), the I-section’s web is 420.8 mm deep (d), and 9.4 mm thick (#,,), and both flanges’ thickness
(tf) are equal to 14.6 mm.

In this case, Table 3 and Fig. 4 exhibit the influence of the porosity and span of the beam on the variation
of the non-dimensional critical LTB moment values of the porous orthotropic I-beam. It is seen that the critical
moment value increases with an increase in the span of the beam. The porous UD beam has lower critical LTB
moment values than its perfect counterpart, and the porous D1 beam has higher critical LTB moment values
than the perfect beam in the range of L > 2 m. This result indicates that considering porosity’s nonuniform
distribution as decreasing from origin to flanges can significantly improve the non-dimensional critical LTB
moment values of porous orthotropic I-beam. The reduction in porosity toward the flanges means that the
flanges have higher material stiffness than the web. Since the flanges are primarily responsible for resisting
bending and lateral-torsional deformation, their enhanced stiffness directly improves the beam’s resistance to
buckling. With an increase in L from 2m to 12 m at eg = 0.6, the porosity effect remains constant as (—39.5%)
for the UD pattern and increases by (14.8%) for the D1 pattern. The porosity effect differences between the
two porosity patterns increase from (14.9%) to (65.9%) with an increase in ep from 0.2 to 0.6.

The second analysis investigates the effect of the web depth on the lateral buckling sensitivity of a simply
supported I-beam. The web depth has been varied from 350 mm to 750 mm. Both flanges’ width and thickness
are 190 mm and 14.6 mm, respectively; the web thickness is 9.4 mm, and the span of the beam is 10 m. Table 4
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Table 3 Non-dimensional critical LTB moment value of porous orthotropic I-beams with various porosity distributions versus
span of beams

Non-dimensional critical LTB moment, m,,4

e 0.0 0.2 0.4 0.6
L (mm) D4 UD D1 UD D1 UD DI
2 22.681 19.768 22.517 16.793 22.353 13.715 22.189
4 46.252 40.311 46.310 34.245 46.361 27.968 46.406
6 71.549 62.359 72.543 52.972 73.492 43.264 74.403
8 99.310 86.553 102.193 73.520 104.920 60.049 107.515
10 130.154 113.434 136.027 96.348 141.511 78.697 146.674
12 164.579 143.435 174.618 121.824 183.872 99.510 192.495
192 4 E
180 - —e UD—-4 Dley=0.2
1687 _a—UD—0—DI eg=0.4
1561 —e UD-% Dley=0.6
144 - A
132 -
120 -
T 108 3
96 _- /‘
84 -
72 - -
60 -
48
36 cross-section
24 g 1-450/190/9.4/14.6
12 4 T T T T T T T T T
2 4 6 8 10 12
L(m)

Fig. 4 Variation of non-dimensional critical LTB moment values of porous orthotropic I-beams with three porosity patterns versus
span of beam

Table 4 Non-dimensional critical LTB moment value of porous orthotropic I- beams with various porosity distributions versus
the web depth

Non-dimensional critical LTB moment, m1,,4

eo 0.0 0.25 0.50 0.75

d (mm) D4 UD D3 UD D3 UD D3

350 226.081 189.694 220.220 152.199 201.581 112.503 166.031
450 106.515 89.371 103.410 71.714 93.440 53.009 73.895
550 58.613 49.183 56.769 39.459 50.861 29.168 39.049
650 35.704 29.961 34.538 24.040 30.752 17.771 23.120
750 23.374 19.612 22.585 15.737 20.031 11.632 14.829

and Fig. 5 show the influences of the porosity coefficient, porosity distributions, and web depth (d) of the beam
on the non-dimensional critical LTB moment values. It can be found from Table 4 and Fig. 5 that the critical
LTB moment values of porous orthotropic I-beam with three porosity distribution patterns all decrease with an
increase in d and eg parameters. When the d increases, the moment arm of twisting forces and warping effects
increase due to increasing distance between the flanges. This larger moment arm amplifies the twisting effects
when the beam is subjected to lateral-torsional buckling. Also, an increment in warping deformation reduces
the critical LTB moment, as the beam’s resistance to buckling is compromised. The perfect beam has the
highest non-dimensional critical LTB moment, whereas the beam with the UD pattern has the lowest one. The
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Fig.5 Variation of non-dimensional critical LTB moment values of porous orthotropic I-beams with three porosity patterns versus
the web depth

Table 5 Critical LTB load value of porous orthotropic I- beams with various porosity distributions versus flange-to-web thickness
ratios

Critical LTB load, g, (kN)

eo 0.0 0.3 0.4 0.5

17/t D4 UD D2 UD D2 UD D2
1.0 12.357 9.965 3.886 9.149 7.727 8.319 6.568
1.5 20.180 16.273 14.048 14.942 12.004 13.587 9.958
2.0 30.927 24.941 20.926 22.899 17.577 20.823 14211
2.5 44.745 36.083 29.575 33.131 24.463 30.127 19.288
3.0 61.659 49722 39.985 45.655 32.628 41514 25.111
35 81.666 65.859 52.133 60.468 42.036 54.987 31.610
4.0 104.765 84.483 66.005 77.571 52.658 70.538 38.727

critical moment value differences between the beams with UD and D3 patterns are because at least a section
with the D3 pattern flange has the maximum Young’s modulus under the same parameters. The influence of
porosity on the critical LTB moment values increases approximately (34%) with increasing eg from 0.25 to
0.75 at d=750 mm for both porosity distribution patterns. With an increase in d from 350 mm to 750 mm at eg
= 0.75, the difference in porosity effect between UD and D3 patterns decreases from (47.6%) to (27.5%).
The third analysis focuses on the influence of the flange-to-web thickness ratio, an important parameter in
the stability design of I-beams. The ratio has been adjusted within the range of 1 to 4. The span of the beam,
the web thickness, the web depth, and both flanges width are selected as 12 m, 3.2 mm, 650 mm, and 190
mm, respectively. Table 5 and Fig. 6 display the variation of the critical LTB load values of porous orthotropic
I-beam considering the change in flange-to-web thickness ratios and porosity coefficients. It can be seen that
the critical LTB loads increase with the increase of the flange-to-web thickness ratio. The reason is that a higher
ratio results in greater torsional stiffness and moment of inertia, making the beam more resistant to torsional
deformation and tending to enhance the beam’s stability against lateral-torsional buckling. The porous UD
beam has lower critical LTB moment values than its perfect counterpart and higher critical LTB moment values
than the D2 beam. This result indicates that considering nonuniform porosity distribution as decreasing from
flanges to web can significantly reduce the critical LTB load values of porous orthotropic I-beam. The porosity
decreases from the flanges to the web in the D2 beam compared to the UD beam. It means that the flanges,
which are crucial in resisting both bending and torsional forces, have higher porosity (and thus lower torsional
and bending stiffness) compared to the web. Since the flanges play a dominant role in resisting lateral-torsional
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Fig. 6 Variation of critical LTB load values of porous orthotropic I-beams with three porosity patterns versus flange-to-web
thickness ratios

Table 6 Critical LTB load value of porous orthotropic I- beams with various porosity distributions versus orthotropy ratios

Critical LTB load, g, (kN)

€ 0.0 0.2 0.4 0.6

Gyy/Gy; D4 UD Dl UD D1 UD D1

2 5.735 4.998 6.114 4.247 6.462 3.468 6.785
4 6.450 5.621 7.153 4.776 7.782 3.900 8.353
6 7.095 6.184 8.062 5.252 8.907 4.288 9.669
8 7.681 6.698 8.878 5.688 9.910 4.645 10.826
10 8.234 7.174 9.624 6.094 10.817 4.976 11.869
12 8.741 7.617 10.311 6.476 11.651 5.285 12.828
14 9.225 8.042 10.966 6.830 12.435 5.580 13.725
16 9.690 8.448 11.574 7.168 13.166 5.857 14.562

buckling, their reduced stiffness severely compromises the beam’s ability to resist such buckling, leading to a
significantly lower critical LTB moment. With increase in ¢ /1, the ratio from 1 to 4 at eg = 0.5, the porosity
effect remains constant as (—39.5%) for the UD pattern and increases from (—46.9%) to (—63.03%) for the D2
pattern. The porosity effect differences between the two porosity patterns increase by (24%) with an increase
in ep from 0.3 to 0.5, and it increases by (17%) with increasing ¢ ¢/ 1,, the ratio from 1 to 4 at ep = 0.4.

The beam section’s flexural and torsional stiffness influences the I-beams’ LTB response. In an orthotropic
material, these stiffnesses can vary in different directions and affect the overall behavior of the beam. For this
reason, the next analysis is conducted to exhibit the orthotropy effect on the LTB response of porous I-beams.
The orthotropy ratio (Gy/ G ) has been varied from 2 to 16. The span of the beam, web thickness, web depth,
flanges thickness, and width are selected as 10 m, 9.4 mm, 470.8 mm, 14.6 mm, and 190 mm, respectively.
The critical LTB load values versus the orthotropy ratio are presented in Table 6 and Fig. 7 for various porosity
distribution patterns. It can be found from Table 6 and Fig. 7 that the critical LTB loads of the beam increase
as the orthotropy ratio increases. This means that a higher orthotropy ratio leads to a greater shear stiffness
difference between the orthogonal planes, and the variation in this ratio can result in variations in torsional
stiffness, which indirectly affects the LTB response of I-beams. The critical LTB load values difference among
the beams with three porosity distribution patterns becomes more significant. With increasing eg from 0.2 to
0.6 at Gy /G, = 16, the effect of porosity on the critical LTB load values increases by (37.5%) and (26.7%)
for D1 and UD patterns, respectively. Depending on the increasing G, /G, from 2 to 16 at eg = 0.4, the
difference in porosity effect between UD and D1 patterns increases from (52.2%) to (83.7%).
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Fig. 7 Variation of critical LTB load values of porous orthotropic I-beams with three porosity patterns versus orthotropy ratios

Table 7 Critical LTB moment value of porous orthotropic I- beams with various porosity distributions versus flange slenderness
ratios

Critical LTB moment, m . (kNm)

e 0.0 0.3 0.6 0.9

b/ty D4 UD D3 UD D3 uD D3

10 23.060 18.590 22.383 13.941 20.233 8.769 16.014
12 36.568 29.495 35.298 22.113 31.181 13.911 22.709
14 54.894 44.268 52.748 33.195 45.737 20.877 30.659
16 78.832 63.572 75.507 47.673 64.507 29.982 39.941
18 109.236 88.092 104.345 66.046 88.133 41.551 50.605
20 146.866 118.428 140.025 88.810 117.180 55.854 62.762
22 192.557 155.283 183.330 116.446 152.296 73.229 76.413
24 247.137 199.305 235.002 149.460 194.103 93.994 91.772
26 311.374 251.094 295.825 188.300 243.199 118.424 108.810

The flange width-to-flange thickness, namely the flange slenderness ratio, can affect the LTB sensitivity of
I-beams. In the stability analysis of [-beams, controlling the flange slenderness ratio is crucial to ensure that the
I-beam can improve load-carrying capacity without lateral buckling failure. The following analysis focuses on
the flange slenderness ratio effect to prove the importance of this ratio on the LTB stability of porous orthotropic
I-beams. The ratio has been adjusted within the range of 10 to 24. The span of the beam, web thickness, web
depth, and both flanges thickness, are considered as 12 m, 9.4 mm, 420.8 mm, and 14.6 mm, respectively. The
influence of the flange slenderness ratio and porosity on the critical LTB moment values of porous orthotropic
I-beams is displayed in Table 7 and Fig. 8. It can be seen that the critical LTB moments increase as the flange
slenderness ratio increases. When the flange slenderness ratio increases relative to its thickness, the flanges
help distribute stresses more evenly across the cross section, reducing warping deformation and differential
twisting between the web and the flanges. Therefore, a higher flange slenderness ratio means that greater
torsional and lateral bending stiffness and a greater proportion of the load are carried by the flanges, which are
more effective at resisting bending and lateral-torsional deformations. This enhanced load-carrying capacity
and stiffness allow the beam to withstand greater moments before reaching the critical buckling condition.
With an increase in the b /¢ ratio from 10 to 26 at ey = 0.9, the porosity effect remains constant as (-62%) for
the UD pattern and increases from (—30.56%) to (—65.1%) for the D3 pattern. The porosity effect differences
between the two porosity patterns increase by (43.6%) with the increase in ¢g from 0.3 to 0.9, and it diminishes
by (16%) with increasing the b/t ratio from 10 to 26 at e = 0.6.
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5 Conclusion

The lateral-torsional buckling (LTB) of thin-walled I-beams is a crucial phenomenon in structural engineering.
It occurs when the beam is simultaneously subjected to lateral displacement and torsional rotation. Dealing with
the LTB behavior of thin-walled I-beams is crucial for ensuring structural stability, safety, and economical
designs. For this reason, this paper deals with the LTB responses of porous orthotropic double-symmetric
I-beams with various porosity distribution patterns subjected to a uniformly distributed load. Virtual work
principles derive the governing equations, which are solved using Galerkin’s method to obtain LTB formulation.
A parametric study is conducted to assess the effects of porosity coefficients, porosity patterns, orthotropy, and
some crucial parameters such as span of beam, web depth, flange slenderness ratio, and flange-to-web thickness
ratio on the critical LTB loads of porous orthotropic thin-walled I-beams. This research contributes to composite
materials and structural stability analysis, presenting potential applications across various engineering domains.
Several noticeable remarks of the present study are as follows:

1. The critical LTB load values for the beam with D1 and D3 patterns are higher than those observed for
the beam with a UD pattern. Conversely, the critical LTB load values are lower for the beam with the D2
pattern in comparison to the UD pattern.

2. The beam with the D1 pattern demonstrates greater resistance to buckling than the D4 pattern, making
the former the optimal choice for enhancing the bearing capacity of orthotropic I-beams.

3. The LTB loads of orthotropic I-beams are observed to decrease with increases in web depth and porosity
coefficients. An increase in the orthotropy ratio, flange slenderness ratio, flange-to-web thickness ratio,
and span of the beam is observed to correspond with an increase in these loads.

4. The nonuniform distribution of porosity (D1 and D3), which decreases from the origin to the flanges,
serves to enhance the lateral stability of I-beams because the flange has the maximum value of Young’s
and shear modulus.

5. The influence of nonuniform porosity patterns on the porous orthotropic I-beam’s critical LTB load values
increases as the flange slenderness ratio, flange-to-web thickness ratio, orthotropy ratio, web depth, and
span of beam increase. The UD porosity pattern effect on the porous orthotropic I-beam’s critical LTB
load values is independent of the increasing above parameters.

6. The discrepancy in porosity effect between the nonuniform (D1, D2, D3) and uniform (UD) porosity
distribution patterns is amplified as the beam span, orthotropy ratio, and flange-to-web thickness ratio
increase. Conversely, it is observed to diminish as the web depth and flange slenderness ratio increase.
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