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Abstract

This study is devoted to the oscillatory behaviour of all solutions to a class of second-order
noncanonical differential equations of neutral type with distributed deviating arguments.
Some new sufficient conditions for all solutions of the equation considered here to be
oscillatory are presented. Examples showing the applicability of the main results are
established.
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1 Introduction

In this paper, we study the oscillatory behaviour of solutions of the second-order noncanonical
neutral differential equation with distributed deviating arguments

, B
[a() u(t) + pOyu@ )] + f q(t, ud (@, W) =0, (EQ)

o

wheret > 1ty > 0, § is the ratio of positive odd integers with0 < § < land0 < « < 8 < o0.
We suppose throughout this study that the following assumptions hold:
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1) a € C ([ty, 00), (0, 0)), p € C ([ty, 00), R) with p(t) > € > 1,
(i) g € C ([tg, 00) X [e, B], [0, 00)) and ¢ (¢, 1) # 0 on any interval of the form [z, 00) X
[, B], te = to;
(iii) o € C ([tp, 00), R) is strictly increasing, ¥ (t) < t, and lim;_, o, ¥ (¢) = 00;
(iv) ¢ € C ([tg, 00) x [, B1, R) is nonincreasing in its second variable and nondecreasing
in its first variable, and lim; ¢ (t, ) = 00, u € [a, BI.

We let
© 1
I(t) = / ——ds, t > 1y,
¢ a(s)
and assume that Eq. (EQ) is in noncanonical form, i.e.,
I(to) < o0, (1.1)
and we wish to note that Eq. (EQ) is said to be in canonical form if
I(ty) = oo. (1.2)

By a solution of Eq. (EQ), we understand a continuous function u : [t,, 00) — R for
some t,, > to such that u(z) + p(t)u(d(¢t)) € C! ([ty, 00), R), a(t) [u(t) + p(Hu @ (@))] €
C! ([ty, 00), R), and u satisfies (EQ) on [, 00).

Since we are only interested in the oscillatory behaviour of solutions, every solution u(z)
of (EQ) considered here is assumed to be continuable and nontrivial, i.e., u(¢) is defined
on [t,, co) for some 7, > 1y and sup {|u(t)| : t; <t < oo} > Oforany#; > t,. We make
a standing hypothesis that (EQ) does possess such solutions. Such a solution is said to be
oscillatory if its set of zeros is unbounded above and is said to be nonoscillatory otherwise.
Equation (EQ) is said to be oscillatory if all its nontrivial continuable solutions are oscillatory.

Functional differential equations of neutral type are equations in which the highest-order
derivative of the unknown function appears in the equation both without and with deviating
arguments. Equations of this type continue to attract the attention of researchers since they
have applications in technology and natural sciences, as well as attracting the attention of
researchers from a theoretical point of view. Readers can refer to the monographs (Gyori and
Ladas 1991; Hale 1977) and the paper (Brayton and Willoughby 1967) for some of the most
popular applications of neutral differential equations.

The problem of determining oscillation criteria for various classes of second order differ-
ential equations of neutral type without distributed deviating arguments has received a great
deal of attention by researchers over the years; see, e.g., Agarwal et al. (2014, 2016), Bohner
et al. (2017, 2019, 2020), Dong (2010), Grace et al. (2018, 2021, 2023), Grace and Graef
(2018), Jadlovska (2021), Li et al. (2013a,b), Li and Rogovchenko (2015, 2017), Prabaharan
etal. (2019), Saker et al. (2007), Sethi and Tripathy (2021), Sui and Han (2018), Tamilvanan
et al. (2017), Tripathy and Santra (2021), Xu and Meng (2006) and the references cited
therein for some interesting results and more details. However, from the review of literature,
it is clear that far less is known about the oscillatory behaviour of second order differential
equations of neutral type with distributed deviating arguments; we refer the reader to Candan
(2011, 2015), Grace et al. (2014, 2017), Graef et al. (2021), Gui and Xu (2007), Li and
Thandapani (2011), Qi and Yu (2015), Thandapani and Piramanantham (2010), Tung¢ and
Graef (2014), Wang (2004), Xu and Weng (2007), Yang et al. (2016a,b), Zhao and Meng
(2008) and the references contained therein. We believe that it would be useful to present a
summary of the equations of this type discussed in the literature so far in order to present
the distinctive features of the presented paper more clearly and to create a literature that can
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be easily accessed by the reader interested in the oscillation properties of the equations of
neutral type.
Wang (2004) investigated the oscillatory behaviour of solutions of the equation

B
[a(®) () + p(yut —9))'] +/ q(t, Wu(p, w)do (n) =0, (1.3)
o
under condition (1.2), where ¥ > 0 is a constantand 0 < p(¢) < 1.
Thandapani and Piramanantham (2010) studied the oscillation of all solutions of the
equation

B
[a() @@ + pyu = 9))] + f g, f @@, w)du=0,  (14)
o
under conditions (1.1) and (1.2), where ¥ > O is aconstant,0 < p(t) < 1,and f : R > R
is a continuous function such that zf () is positive for z # 0, and f(—z) = — f(2).
Gui and Xu (2007), Xu and Weng (2007) and Zhao and Meng (2008) discussed the
oscillation of the equation

B
[a)® @) (u(®) + pout — )] +/ q(t, W) f (@@, w))do(w) =0, (1.5)
o

under condition (1.2), where ¥ > 0 is a constant, 0 < p(¢) < 1, ® € C'(R, R) with ®(u)
is positive for u # 0, and f : R — R is a continuous function such that zf(z) is positive for
7z # 0, and f satisfies f(u)/u > L with L > O or f'(u) > M with M > 0.

Li and Thandapani (2011) examined the oscillatory behaviour of all solutions of the
equation

/ B
[ (@ + poueon)’] + [ g @ man=0. 1.6

o

o0
1
/ ds = oo, (1.7)
10

al/B(s)

under condition

where § > 1 is a quotient of positive odd integers, 0 < p(t) < ap with ag is a constant,
and ¥ € C!([ty, 00), R), ®'(t) = ¥ > 0, ¥ ([to, 00)) = [?(to), 00), and F[ (¢, )] =
¢V (1), ul.

Candan (2011) and Yang et al. (2016a) studied the oscillation of the equation

’ B
[a(t) ((u(r) + P(t)u(z?(t)))/)a] +/ S @ u@@, p))du =0, (1.8)

under condition (1.7), where § is the quotient of two odd positive integers, 0 < p(t) < 1,
f i [t0, 00) x R — Ris a continuous function such that zf (¢, z) is positive for z # 0; and in
Candan (2011) it is assumed that there exists a positive valued function g € C([#g, 00), R)
such that | f (¢, z)| > q(2)|z”| with 0 is the ratio of odd natural numbers, and in Yang et al.
(2016a) it is assumed that there exists a function ¢ (z, ) € ([tg, 00) x [e, 8], R") such that
|f(t.2)] = q(t, w28

Yang et al. (2016b) investigated

, B
[av' O 'Y O] + / q(t, wWlu@ @, w)I*u(pt, w)dp =0, (1.9)
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under condition (1.7), where ¥ (t) = u(t) + p(t)u(¥(t)), 8 and 6 are positive constants, and
0<p@ <l
Tung and Graef (2014) studied the oscillatory and asymptotic behaviour of the equation

, B
[a W' OP ' O] + f f ot u@(t, w))du =0, (1.10)

under the conditions (1.7) and

o 1
——ds < 00,
/;0 al/‘s(s)

where ¥ (1) = u(t) + p(t)u(¥(t)),8 > lisaconstant,0 < p(t) < 1, f : [tp,00) x R > R
is a continuous function such that zf (¢, z) is positive for z # 0, and there exists a function
q € C([ty, 00), RT) such that | f(z, z)| > g(¢)|z’| with 8 € (0, 1) is the quotient of odd
positive integers.

In the light of the above observations, the studies mentioned above (except Graef et al.
2021, where an equation with a damping term in canonical form was considered) were
considered under assumption of the neutral coefficient function p(¢) is bounded. Therefore,
these studies cannot be applied to the case where p(f) — oo as t — oo. Based on this
reality, the main objective of this study is to build several novel oscillation theorems that can
be applied not only to the case when p(t) — oo as t — oo but also to the case when p(¢) is
constant or bounded. We also ask to mention that the results presented here are novel even
for § = 1 and discrete delay such as ¥ (t) = t — ¥ with ¢ is a positive constant. However,
our results here cannot be applied to the case where 0 < p(¢) < 1 and this remains the
weak side of our results for now. We also wish to express that the results presented here are
mainly motivated by the results of Grace et al. (2022) and Koplatadze et al. (1999). As can
be seen from the equation types mentioned above, it would be possible to extend this paper’s
new criteria to the more general equations; for instance, the equations of type studied in
Candan (2011), Gui and Xu (2007), Li and Thandapani (2011), Tun¢ and Graef (2014), Xu
and Weng (2007), Yang et al. (2016a, b), Zhao and Meng (2008) and to the different types that
involve Eq. (EQ) as a specific case. On account of this, it is hoped that this current study will
stimulate additional interest in research on functional differential equations of neutral type in
general, and those with distributed deviating arguments and unbounded neutral coefficients
especially.

Throughout this study, we suppose that all functional inequalities hold for all sufficiently
large ¢. Due to if u(¢) is a solution of (EQ), then —u(#) is also a solution, we will deal only
with the eventually positive solutions of (EQ).

2 Main results

For convenience of the reader, we list here some notations as below:

t
Y () == u(t) + pOu@ (1), At) :=f LdS fort > 1. > 19,
1y a(s)

1) == (1, B), $o(1) := (1, @), g(t) == (B1(1)), h(t) := 9" (g (1)),
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1 1
= 1— s
0= T [ p(ﬁ*l(ﬁ*l(z)»}

B B
qi(t) == / qt, Wp @ NP, w))dp, and g(1) := / q(t, W’ (P, w)du,

where 9 ! is the inverse function of .
We first present the following three oscillation criteria for Eq. (EQ) in the case where
Pa2(t) <9 (t),1.e., his a delay argument.

Theorem 2.1 Let (1.1) hold and let ¢ (t) < O (¢). If

/'00 I(s)q1(s)ds = o0 2.1
fo
and
lim su (1(;)/t (s)ds +1—5(h(t))f001(s) (s)l“(h(s))ds) S L=l
i W . 2 0 ifs e ,1),

2.2)
then Eq. (EQ) is oscillatory.

Proof Suppose to the contrary that the function u(f) be a nonoscillatory (say eventually
positive) solution of Eq. (EQ). Then u(¢) > 0 and u(9(¢)) > O for t > #; for some #; > 1y
and u(¢p(t, n)) > 0 for (¢, u) € [t1,00) x [e, B]. From the definition of v, we see that
0<u(t) <y(t)and

wt) = ——— [y~ @) —u )]
p(@~1@)
-1 —19—1
. w(ﬂ_l ®) _lf(ﬁ (15‘_1 (t)z)1 . 2.3)
p@= @) p@@)p@ @)
By (iii), we see that 9 ~! is increasing and furthermore r < ©~!(r). Hence,
97 ) < oL @)). (2.4)
It follows from (EQ) that
B
(a@y' 1) = - f q(t, Wl @, W)du < 0 2.5)

for t > t;, which indicates that a ()’ (¢) is nonincreasing and eventually of one sign. That
is, a rp > t1 can be found such that, either

WD Y1) >0, (ay'(®)) <0, or
W) ¥'(1) <0, (a)y'®) <0

for r > r,. We now consider case (7). Then

1 ’ t
v = / aOVS) o ( / ids)a(z)w’m = AV (Da0),
123 n

a(s) a(s)
@ Springer f DMAC
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which yields, for ¢ > t3 for some t3 > 1,

(wm)’ _ Y 0anAW) -y @) _

= <0,
A1) a(t)A2(1)

i.e., ¥ (¢t)/A(¢) is nonincreasing. From this and (2.4), we observe that

A@'@T @)y @)

—1,q—1
v (0o @) < AG0) (2.6)
Using (2.6) in (2.3) yields
-1 —1/9—1
u(t) > M[ —_ — 17 AW (19 (t)))] fort > t3. 2.7
p@~L() p@~t@=1(1)) A@~'(1)

Using the fact that
A1)
im ———— =1
t—00 A([)
and taking p(¢r) > € > 1 into account, we see that there exists /3 > #, such that for any
ee(0,0-1),
A@' O 0) 1 _1+e
A@~N@®)  p@Tl@l®) T ¢

holds for # > #3. Using this in (2.7) gives
ZCAO))
p@~1(1)

whered =1 — (1 4+¢€)/€ > 0. Due to lim;—,» ¢ (¢, ) = 00, at4 > t3 can be chosen such
that ¢ (¢, ) > t3 for all t > t4. Thence, it leads from (2.8) that

-1
YO @) s 2.9)

p@~ o, 1)) B

u(t) > d fort > 13, 2.8)

u(@(t, ) =d

Substituting (2.9) into (EQ) gives

B
(ay' @) +d° / q(t. Wp 2@ P, W)Y (9Pt w))du < 0. (2.10)

o

Since ¢ is nonincreasing in u, and ¢ and i are increasing, we deduce from (2.10) that

B
(a@y' ) +d° ( f q(t, W~ @, M)))du) v (@ (@1 (1)) <0,
or
(@a@y'0) +d’q )y’ (g(1) < 0fort = 1y, @.11)

Since ¥ () > 0 and ¥'(¢) > 0, for some ¢ > 0, ¥ (¢) > ¢ > 0 fort > t4 and so inequality
(2.11) takes the form
/
(a)y' ) +dqi(t) <0 2.12)

for t > t5 for some t5 > 14. Integrating inequality (2.12) twice yields

t / t z
Y () < ¥(rs) "F/ Mds - C(Sd(S/ ] q1(s)dsdz — —o0
t

ts a(s) 5 m ts
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ast — oo due to (1.1) and (2.1). This is a contradiction with the positivity of v (z).

Now, let us consider case (Np). Using the fact that 1/'(z) < 0, it follows from (2.4) that

v ) = v @ (0)).
Using (2.13) in (2.3) leads to

- 1 |:1 B 1
~ p@Tl(®) p@~1@~1(1)))
By (i), we see that

u(t)

] v (@) fort > 1.

ACANO))

ut) = b 5T

fort > 1,

where b =1 —1/¢ > 0, and so

(@9, 1))
p@~ @, )’

for t > 13 for some 73 > 1. Substituting (2.16) into Eq. (EQ) gives

u(p(t, m) = b

, B
(aOV ) +b° / (. P O @t NP (97 @ (1. 1)) du < 0.

o

(2.13)

(2.14)

(2.15)

(2.16)

2.17)

Since ¢ is increasing, ¥ is decreasing, and ¢ is nonincreasing in u, we deduce from (2.17)

that

B
(ay'®) +b° ( f q(t, Wp~ @ o, M)))du> ¥ (971 ($a(1))) <0,

or
(@v'®) +b2q1 (Y (h(1)) < 0fort > 13.

Since i is positive and decreasing, there exists a fixed 0 < k < oo such that
Jim 0 =
We claim that « = 0. If not, then there exist #4 > #3 such that
Y(t) > k.
Using (2.19) in (2.18) yields
(ay'®) +b°q1(1) <0

for t > t5 for some 5 > t4. Integrating (2.20) from 5 to ¢ gives

t
—amy'(1) = b‘sfc‘s/ q1(s)ds.

Is

Integrating (2.21) from #5 to t and taking (2.1) into account, one can observe that

t Z t t
Y(ts) > b‘sx‘s/ L/ q1(s)dsdz > b‘SK‘S/ / qu(s)dzds.
15 CZ(Z) 15 ts Js Cl(Z)

Letting + — oo in the above inequality, we obtain a contradiction to (2.1), and so

Jim (0 =0

(2.18)

(2.19)

(2.20)

2.21)

@ Springer f DMAC
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By case (Np), we see that

vt > — f TAOVES) o < / - Lds) AV (1) = —1(DaOP' 0),
t a(s) . a(s)

for t > t, and hence

V(1) +a@) )y’ (t) = 0. (2.22)
From (2.22), we observe that

<1/f(t))’ _amIny'®) + ¢ @) >0
) a(t)12(t) -

that is, ¥ (¢)/1(¢) is eventually nondecreasing, say for ¢ > #3 for some #3 > t,. From (2.14)
and (EQ), we observe that

@y’ ®) + q2()y° (h(1)) < Ofort > 13, (2.23)
which can be expressed in an equivalent form as below
@)Y 1)+ ¥ @) + 1Og()P° (h(1)) < 0. (2.24)

Integrating (2.24) from ¢ > 13 to z, letting z — o0, and using (2.22) gives

aIOY' (1) + ¥ (1) Z/ 1()q2()9° (h(s))ds. (2.25)
t

Integrating (2.23) from #3 to ¢ and then multiplying by 7(¢) leads to

t
—a(y' 1) = I(I)f a2V (h(s))ds. (2.26)
3
From (2.25) and (2.26), we deduce that

t 00
v(t) = I(I)/ q2(s)Y° (h(s))ds +/ 1()qa()¥° (h(s))ds. (2.27)
13 t

From the fact that & is increasing and  is decreasing, we get h(s) < h(t) <t fors < ¢, and
hence ¥ (t) < ¥ (h(t)) < ¥ (h(s)) for t > t3. From these, we obtain

/ ()Y (h(s))ds > ( / qz(S)dS> v @). (2.28)
13

13

On the other hand, for s > ¢, we get h(s) > h(t) and h(¢) < t. In view of the fact that
¥ (t)/1(t) is nondecreasing, we see that

V) _ vh@) vt
Ps) = Ph@) = Bhn)

Thus,

Y (h(s)) S
13 (h(s))

/ 1($)q2()¥° (h(s))ds > / 1()q2(s)1° (h(s))
t t

1 o s )
. (W / 1$)gp)] (h(s))ds)w 0. (229

@ Springer f b/v\/\
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Using (2.28) and (2.29) in (2.27), we arrive at

t 1 o0
V() > (la) / qz(S)dS> Yo () + (W /, I(s)qz(s)lé(hm)ds) V().

Letting lim sup as t — oo of the resulting inequality, we get a contradiction to (2.2), which
completes the theorem’s proof. O

Theorem 2.2 Let (1.1) and (2.1) be satisfied and let ¢p2(t) < O (¢). If

h(t) t
lim sup (I(h(t)) / q2(s)ds + / I(s)qa2(s)ds
10 h(t)

—00

-5 °° 5 Lifs=1,
+1 (h(t))/; I(s)q2(s)] (h(s))ds) > {0 3¢ ©,1), (2.30)

then Eq. (EQ) oscillates.

Proof Proceeding as in the proof of Theorem 2.1, we again arrive at (2.27), which takes the
form

h(t) t
Y (h(t)) > I(h(1)) / @)Y’ (h(s))ds + /h ()I(S)qz(s)l/f‘s(h(s))ds
13 t

+ / 1()g2(5)¥° (h(s))ds.
t

The rest of the proof is similar to that of Theorem 2.1 and so details are skipped. The proof
is complete. O

Theorem 2.3 Let (1.1) and (2.1) be satisfied and let ¢ (t) < O (¢). If

! 1 ifé=1
lim sup/ I(s)q2(s)ds > lf ’ (2.31)
t—o00 Jh() 0 ifs€(0,1),

then Eq. (EQ) oscillates.

Proof Proceeding as in the proof of Theorem 2.1, we again arrive at (2.22) and (2.24). Setting
w(t) =Y () + 1OaOy' @),

we have 0 < w(t) < ¥ (t), and so it follows from (2.24) that
o' (1) + 1(q2(N’ (h(1) < 0.

If this last inequality is integrated from A(¢) to ¢, it can be seen that
t t
w(h(t) = / 1(5)q2(5)@’ (h(s))ds = ®(h(1)) f 1(s)gq2(s)ds,
h(t) h(t)
which yields
t
o' (h(1)) > / 1(5)qa(s)ds.
h(t)

Taking the lim sup as # — oo on both sides of the above inequality, we get a conclusion that
contradicts with condition (2.31), and we complete the proof. O

@ Springer f DMAC
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Next, we present the following two oscillation criteria for Eq. (EQ) in the case where
¢1(¢) > 9(t), i.e., h is an advanced argument.

Theorem 2.4 Let (1.1) and (2.1) are satisfied and let ¢y (t) > O (¢). If

I(h(t) (!
( 151wy J,,

1 ifs=1,
0 ifse (0,1,
(2.32)

lim sup
—00

1 o0
q2(s)ds + n) / I(s)qz(s)ﬁws))ds) > {

then Eq. (EQ) oscillates.

Proof Proceeding similarly to the proof of Theorem 2.1, we again arrive at (2.27). Since £ is
increasing and an advanced argument, we get s < h(s) < h(¢) for s <t and h(¢) > ¢. Thus,
from the fact that i is decreasing, we arrive at

Y (h(s)) = ¥ (h(1)).
Now, from the fact ¥ (¢)/1(¢) is nondecrasing, we obtain

, : S(h(1))
[ vt wnds = ( [ gwas ) o GEE

' PO
> ( /, q2(S)dS)< o )w (0. 2.33)

Also, if s > t, we have h(s) > h(t), and so

Vohs) _ v @) v
PP(h(s) ~ Ph() = 1°()°

Thus,

vo ()

50 ds

f 1))V (h(s))ds > / 1()q2(s)1° (h(s))
t t

1 o0
z(,s— f 1<s>qz<s>15(h(s>)ds) V). (2.34)
e J;

Using (2.33) and (2.34) in (2.27) yields

1 (h ! L
5(_1(t)) q2(s)ds + ——— 1()q2()1° (h(s))ds.
1 (t) 13

1-8
vt ) = 0 )

The proof’s remainder part is similar to that of Theorem 2.1 and is therefore skipped. The
proof is complete. O

Theorem 2.5 Let (1.1) and (2.1) are satisfied and let ¢1(t) > O(¢). If

t—00

t h(r)
lim sup <I(h(t)) / qa(s)ds + 1" (h(1)) / I’ (h(s)qa(s)ds
10 t

s >0 5 1ifs=1,
+17°(h(t)) /h(t) 1(s)ga2(s)1 (h(s))ds) > {0 8 € 0. 1), (2.35)

then Eq. (EQ) oscillates.
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Proof Processing as in the proof of Theorem 2.1 leads again to (2.27), that can be expressed
as

t h(t)
Y(h() = I(h(t))/ q2()¥° (h(s))ds +I(h(t))/ q2()Y° (h(s))ds
3 t

+ / 1(8)a2 () (h(s))ds.
h(t)

This proof’s remainder part is easily followed from the fact that i is decreasing and vy (¢) /I (¢)
is increasing as in the proof of Theorem 2.1. O

We conclude the study with the following illustrative exmples and the remark for further
research.

Example 2.6 Consider the equation

(7 (e (5)) )+ f (s ) 5
t“u() +2tu | = + 12t + = Jul-4+-—)dpu=0, t>1. (236)
2 1 J 4 4p

Here a(t) = %, p(t) = 2t,0(t) = t/2, p(t, ) = t/4+1/4u, 8§ = 1, = 1, B = 2, and
q(t, ) =12t +12/p. Then

o) =21, 97 @ @) = 41, ¢o(t) = (1 + 1)/4and h(t) = (¢ + 1)/2,

(1) = % 7(t) > 7/32t, q1(t) = 12, and ¢a(r) > 21/2.

/ I(s)q1(s)ds = f —ds = o0,
1o 1 N

conditions (1.1) and (2.1) are satisfied. Also, one can easily see that condition (2.2) is satisfied.
Now, all assumptions of Theorems 2.1 are fulfilled. Therefore, by Theorem 2.1, Eq. (2.36)
oscillates.

Since I(tp) = 1 and

Example 2.7 Consider the equation

N 2
<t3 (u(t)+4u (%))) +f C+mu'PQr—pydu=0, t>5. (2.37)
1

Here a(t) = 13, p(t) = 4, 0(1) = /3, ¢(t, 0) =2t —pn, 8 = 1/3, 0 = 1, B = 2, and
q(t, ) =t + p. Then

OV ) =31, 97 '@ 1) = 91, ¢o(r) =2t — 1 and h(z) = 61 — 3,

1(1) = % 7(t) =3/16, qi(t) = 2t +3)/v/32, and ¢2(t) = J/3/128(2t + 3).

Since I (tp) = 1/50 and

/OOI() (5)d /oo 2s+3d
$)q1(s)ds = ———ds = 0,
, s 23282
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conditions (1.1) and (2.1) are satisfied. Also, one can easily see that condition (2.32) is
satisfied. Now, all assumptions of Theorems 2.4 are fulfilled. Therefore, by Theorem 2.4, Eq.
(2.37) oscillates.

Remark 2.8 The oscillation criteria established in this paper are also valid in the case when
the function ¢ in condition (iv) is nondecreasing in its second variable. To set up these results,
one should replace

¢1(1) ==, B) by ¢(t):=¢(t, )

and
$2(t) ;== ¢(t, ) by ¢(t) :=¢(t, B).

Remark 2.9 In the case when p(¢) < —1 with p(¢) # —1 for large 7, the problem of obtaining
oscillation criteria for all solutions of Eq. (EQ) remains open at the moment.

3 Conclusion

In this study, we obtain several novel oscillation results that can be applied not only to the
case when the neutral coefficient function p(¢) is unbounded from above, but also to the case
when the function p(t) is constant or bounded. The oscillation criteria established in this
manuscript are extendable to the differential equations of higher-order, for instance to the
equation of the form

6\’ B
(a(r) (v o) ) + [t @ an =o.
o
under either of the conditions
o.¢]
/ a_l/e(s)ds =00

10

or

o0
/ ail/e(s)ds < 00,
fo

where 6 is the quotient of odd natural numbers, m > 2 is an even natural number, and all the
other functions appearing in the equation are defined as in the present study.
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