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Fixed points of non-Newtonian contraction
mappings on non-Newtonian metric spaces
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Abstract. The study of non-Newtonian calculi was started in 1972 by
Grossman and Katz. These calculi provide an alternative to the classical
calculus and they include the geometric, anageometric and bigeometric
calculi, etc. Recently, Cakmak and Basar (2002) have studied the con-
cept of non-Newtonian metric. Also they have given the triangle and
Minkowski’s inequalities in the sense of non-Newtonian calculus. In this
paper, we introduce a fixed point theory by defining some topological
structures of the relevant non-Newtonian metric space.
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1. Preliminaries, background and notation

There exists a considerable literature of fixed point theory dealing with re-
sults on fixed or common fixed points in different spaces. In the last years,
fixed point theorems have been applied to show the existence and unique-
ness of the solutions of differential equations, integral equations and many
other branches of mathematics. Fixed point theory and self-mappings satis-
fying certain contraction conditions have many applications and have been
an important area of various research activities [3, 5, 7].

Recently, multiplicative calculi have been studied by Bashirov, Kurpinar
and Ozyapic1 [1]. They presented results and applications concerning the well-
known properties of derivatives and integrals in the classical calculus. Lately,
multiplicative calculi have been extended to the complex-valued functions by
Uzer [8] who studied the statements of some principal theorems and con-
cepts of multiplicative complex calculi and showed some similarities between
the multiplicative complex calculi and the classical calculus. Also, OzaV§ar
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and Cevikel [6] introduced the concept of multiplicative contraction map-
pings and proved some fixed point theorems of such mappings on a complete
multiplicative metric space.

The non-Newtonian calculi are alternatives to the classical calculus of
Newton and Leibnitz. They provide a wide variety of mathematical tools for
use in science, engineering and mathematics.

The non-Newtonian calculus has many applications in different areas in-
cluding fractal geometry, image analysis (e.g., in biomedicine), growth/decay
analysis (e.g., in economic growth, bacterial growth and radioactive decay),
finance (e.g., rates of return), the theory of elasticity in economics, marketing,
the economics of climate change, atmospheric temperature, signal processing
(electrical engineering), wave theory in physics, quantum physics and gauge
theory, information technology, pathogen counts in treated water, actuar-
ial science, tumor therapy and cancer-chemotherapy in medicine, materials
science/engineering, demographics, differential equations (including a multi-
plicative Lorenz system and Runge—Kutta methods), calculus of variations,
finite-difference methods, averages of functions, means of two positive num-
bers, weighted calculus, meta-calculus, approximation theory, least-squares
methods, multivariable calculus, complex analysis, functional analysis, prob-
ability theory, utility theory, Bayesian analysis, stochastics, decision making,
dynamical systems, chaos theory, and dimensional spaces.

In this paper, we consider the non-Newtonian calculus and the non-
Newtonian topological structures and we define some topological properties
related to non-Newtonian metric spaces. The main purpose of our paper is to
introduce a fixed point theory by defining some topological structures of the
relevant non-Newtonian metric space. To do this, we need some preparatory
knowledge about non-Newtonian calculi. First, we define the non-Newtonian
real field and we give the relevant properties due to Cakmak and Basgar [2].

A generator is defined as an injective function with domain R and the
range of a generator is a subset of R. Each generator generates one arithmetic
if and only if each arithmetic is generated by one generator.

Let 8 = exp be a function defined as

B:R— R,
x— B(r) =€e" =y,
where R is the set of positive real numbers.
Suppose that this function g is a generator, that is, if 8 = I, I(z) =«

for all x € R, then § generates the classical arithmetic. If 8 = exp, then
generates geometrical arithmetics.

Define the set R(N) as
R(N) :={B(x) : x € R},

where R(N) is the set of non-Newtonian real numbers.
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All concepts of p-arithmetic have similar properties in classical arith-
metic. B-zero, B-one and all S-integers are formed as

o B(=1), 8(0), BL), ...

Take any generator 5 with range A. Then define the operations (-
addition, g-substraction, S-multiplication, S-division and S-order in the fol-
lowing way for x,y € R, respectively:

B-addition zd+y=p{B""2)+B"(}
B-substraction z-y=p{""()-B""()}
B-multiplication zxy=p{p"(x)x B (y)},
B-division x)y=B{ )+ B ()}

[-order z <y < B(z) < By).
Proposition 1.1 (See [2]). (R(N),+, %) is a complete field.

For z € A C R(N), a number B-square is described by z x z and
denoted by z2~. The symbol \/EN denotes

t=5{VB()}

which is the unique 8 nonnegative number whose S-square is equal to = and
which means 2V = z, for each 3 nonnegative number ¢.

Throughout this paper, 2PV denotes the pth non-Newtonian exponent.
Thus we have

2N =g x = ﬁ{,@‘l(a:) X ﬁ_l(af)} = 5{[5_1(95)]2},
2® =2 xa=B{BTHB[F () x BTN (x)]} x B (2)}
= s{[s @]},

2PN = 20 ON % = B L[} (2)]")

We denote by |z|n the S-absolute value of a number z € A C R(N) de-
fined as B(|3~1(x)|) and also

Vi = Ja|y = 8|7 (@)}
Thus,
x, x> 3(0),

lz|n = {87 (2)|} = { BO), = =p(0),
B(0)=x, z < B(0).



216 Binbagioglu, Demiriz and Tiirkoglu JFPTA

For z1,z9 € A CR(N), the non-Newtonian distance | - |y is defined as
|z —x2|n = 5{|571($1) - 571($2)|}~

This distance is commutative; i.e., |z1—22|y = |ra—21|N-

Take any z € R(N), if z > B(0), then z is called a positive non-
Newtonian real number; if z < 5(0), then z is called a non-Newtonian negative
real number and if z = 3(0), then z is called an unsigned non-Newtonian real
number. Non-Newtonian positive real numbers are denoted by R*(N) and
non-Newtonian negative real numbers by R~ (V) (see [4]).

The fundamental properties provided in the classical calculus is provided
in non-Newtonian calculus, too.

Proposition 1.2 (See [2]). |z x y|y = |2|§y X |y|§ for any z,y € R(N).

Proposition 1.3 (See [2]). The triangle inequality with respect to non-Newto-
nian distance | - |n, for any x,y € R(N) is given by

lz + yln < |zln + |yl

The non-Newtonian metric spaces provide an alternative to the metric
spaces introduced in [2].

Definition 1.4 (See [2]). Let X #0 be a set. If a function dy: X x X — RT(N)
satisfies the following axioms for all z,y, 2z € X:

(NM1) dy(z,y) = B(0) = 0 if and only if = = y,

(NM3) dn(2,y) < dn(z,2) + dn(zy),
then it is called a non-Newtonian metric on X and the pair (X, dy) is called
a non-Newtonian metric space.

Proposition 1.5 (See [2]). Suppose that the non-Newtonian metric dy on
R(N) is such that dx(z,y) = |z — y|y for all z,y € R(N), then (R(N),dy)
18 a mon-Newtonitan metric space.

Definition 1.6 (See [2]). Let X be a vector space on R(N). If a function
| - Ixn : X — RY(N) satisfies the following axioms for all z,y € X and
A € R(N):
(NN1) ||+ [ly =0z =0,

(NN2) A % 2y = A % [l

(NN3) |z + yllv < [lzllx + vl

then it is called a non-Newtonian norm on X and the pair (X, ||-||~) is called
a non-Newtonian normed space.

Remark 1.7 (See [2]). Here it is easily seen that every non-Newtonian norm
|| - |nv on X produces a non-Newtonian metric dy on X given by

dy(z,y) =z —ylln, zyeX.
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The question that inspires us is, Can the fixed point theory be applied
to the non-Newtonian metric spaces? Therefore, in this paper, we give some
topological properties of the relevant non-Newtonian metric space, we also
introduce the concept of non-Newtonian contraction mappings and present
an exact analogue of the well-known Banach contraction principle in non-
Newtonian metric spaces and some theorems.

2. Some topological concepts

Now, we define some topological structures related to non-Newtonian metric
spaces.

Proposition 2.1. Let (X, dy) be a non-Newtonian metric space. Then we have
the following inequality:

’dN(xa Z) - dN(y7 Z)’N S dN(I, y)
forall x,y,z € X.

Proof. By the non-Newtonian triangle inequality, it is seen that
dn(z,2) < dy(z,y) + dn(y, 2) = dy(z,2) — dy(y,2) < dy(2,y),
dn(y,2) < dn(y, ) + dy(z,2) = dn(y, 2) — dn(z,2) < dy(y, ).
Thus, by the definition of | - |y and from the above inequalities, we have
ldn (2, 2) = dn(y, 2)|v < dn(z,y). O

Definition 2.2. Let (X,dy) be a non-Newtonian metric space, x € X and
€ > 0, we now define a set

BY (z) = {y € X :dy(z,y) < E},

which is called a non-Newtonian open ball of radius € with center x. Similarly,
one describes the non-Newtonian closed ball as

BY (z) = {y € X :dy(z,y) < 5}.

Example 2.3. Consider the non-Newtonian metric space (R*(N),d} ). From
the definition of d};, we can verify that the non-Newtonian open ball of radius
€ > 1 with center zy appears as

(z0 — €,20 + ) CRT(N).

Definition 2.4. Let (X, dy) be a non-Newtonian metric space and A C X.
Then we call x € A a non-Newtonian interior point of A if there exists an
¢ > 1 such that BN (z) C A. The collection of all interior points of A is called
the non-Newtonian interior of A and is denoted by inty(A).

Definition 2.5. Let (X, dy) be a non-Newtonian metric space and A C X. If
every point of A is a non-Newtonian interior point of A, i.e., A = inty(A),
then A is called a non-Newtonian open set.
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Lemma 2.6. Let (X,dy) be a non-Newtonian metric space. Each non-Newto-
nian open ball of X is a non-Newtonian open set.

Proof. Let * € X and let BY(z) be a non-Newtonian open ball. For y €
BN (z), if we let
§=¢c~dy(z,y) and z€ BY(y),
then
dN(y7 Z) < € — dN(xvy)a
from which we conclude that
This shows that z € BY (x), which means B2 (y) C BY(x). Thus BN (z) is a

non-Newtonian open set. (I

Lemma 2.7. Let (X,dy) be a non-Newtonian metric space. Then X and §) are
non-Newtonian open sets.

Lemma 2.8. The union of finite, countable or uncountable, family of non-
Newtonian open sets is also a non-Newtonian open set.

Lemma 2.9. The intersection of any finite family of non-Newtonian open sets
is also a non-Newtonian open set.

Proof of Lemma 2.9. Let By and Bs .be two non-Newtonian open sets and
y € By N By. Then there are 61,82 > 0 such that

Bjl(y) c By and Bj(y) C By.
Letting 6 be the smaller of §; and do, we conclude that
BY (y) c BY nBY.

Hence the intersection of any finite family of non-Newtonian open sets is a
non-Newtonian open set. (I

Theorem 2.10. Every non-Newtonian metric space is a topological space based
on the set of all non-Newtonian open sets.

Proof. By the results obtained until now, the proof is clear. O

Definition 2.11. Let (X, dy) be a non-Newtonian metric space. A point x € X
is said to be a non-Newtonian limit point of S C X if and only if

(BN (z)\{z}) NS #0 for every e > 0.
The set of all non-Newtonian limit points of the set S is denoted by S~.

Definition 2.12. Let (X, dy) be a non-Newtonian metric space. A set S C X
is said to be non-Newtonian closed in (X,dy) if S contains all of its non-
Newtonian limit points.

Proposition 2.13. Let (X,dy) be a non-Newtonian metric space and S C X.
Then S U SN is a non-Newtonian closed set. This set is called a non-Newto-
nian closure of the set S, which is denoted by SN .
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Proposition 2.14. Let (X,dn) be a non-Newtonian metric space and S C X.
The set S is non-Newtonian closed if and only if X \ S, the complement of S,
1s non-Newtonian open.

The above propositions can be easily proven by the definition of the non-
Newtonian closed set.

Definition 2.15. Let (X, dy) and (Y, dy) be two non-Newtonian metric spaces
and let f: X — Y be a function. If f satisfies the requirement that, for every
€ > 0, there exists § > 0 such that

f(BY (x)) € BY (f(=)),
then f is said to be non-Newtonian continuous at x € X.

Example 2.16. Given a non-Newtonian metric space (X,dy), define a non-
Newtonian metric on X x X by

p((z1,22), (y1,92)) = dn(z1,51) + dn(22,52).

Then the non-Newtonian metric dy : X x X — (RT(N),| - |n) is non-
Newtonian continuous on X x X. To show this, let (y1,¥y2), (z1,22) € X x X.
Since we have

ldn (y1,2) — dn(z1,22)| y < dn(21,91) + dn (2, 92),
it is clear that dy is non-Newtonian continuous on X x X.

Now, we emphasize some properties of convergent sequences in a non-
Newtonian metric space.

Definition 2.17 (See [2]). A sequence (z,,) in a metric space X = (X, dy) is
said to be convergent if for every given € >0 there exist an ng = ng(e) € N
and = € X such that dy(z,,z) <e for all n > ng, and it is denoted by

Nlim T, =& Or an)x, as n — o0.

n—oQ
Definition 2.18. A sequence (z,) in a non-Newtonian metric space X =
(X,dn) is said to be non-Newtonian Cauchy if for every £ > 0 there exists an
nog = no(e) € N such that

dn (T, zm) < e for all m,n > ng.

Similarly, if for every non-Newtonian open ball BY (z), there exists a natural
number ng such that n > ng, z,, € BN (x), then the sequence (z,,) is said to
be non-Newtonian convergent to x.

The space X is said to be non-Newtonian complete if every non-Newtoni-
an Cauchy sequence in X converges (see [2]).

Proposition 2.19 (See [2]). Let X = (X,dy) be a non-Newtonian metric
space. Then
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(i) a convergent sequence in X is bounded and its limit is unique,
(ii) a convergent sequence in X is a Cauchy sequence in X .

Lemma 2.20. Let (X,dy) be a non-Newtonian metric space, (x,) a sequence
in X and x € X. Then z, == z (n — o) if and only if dy(x,,x) == 0
(n — 00).

Proof. Suppose that the sequence (z,,) is non-Newtonian convergent to x.
That is, for every € > 1, there is a natural number ng such that dy(z,,z) <e
whenever n > ng. Thus we have the following inequality:

—e < dn(xp,x) <e forall n > ng.
This means

ldn (2, )|y <& for all n > no,

which implies that the sequence dy (z,, ) is non-Newtonian convergent to 0.
O

The converse of the above result can be easily verified.

Lemma 2.21. Let (X,dy) be a non-Newtonian metric space and let (x,) be
a sequence in X . If the sequence (x,,) is non-Newtonian convergent, then the
non-Newtonian limit point is unique.

Theorem 2.22. Let (X, d)l\(,) and (Y, d%) be two non-Newtonian metric spaces,
f: X =Y amapping and (z,,) any sequence in X. Then f is non-Newtonian
continuous at the point x € X if and only if f(x,) —— f(z) for every sequence

Proof. Suppose that f is non-Newtonian continuous at the point x and that
Zn = 2. From the non-Newtonian continuity of f, we have that, for every
e > 0, there exists § > 0 such that

F(B5' () € BY (f ().

Since x,, = x (n — 00), there exists no x,, such that n > ng implies that
z, € BY (z). By virtue of the above inclusion,

f(zn) € BY(f(x))
and hence
Flan) = f(z)  (n— o00).

Conversely, assume that f is not non-Newtonian continuous at z. That is,
there exists an € > 1 such that for each § > 1, we have 2’ € X with

dx (ac'N,:E> <6,

but d¥(f(z'), f(z)) >e. Now take any sequence of real numbers (6,) such
that 6, = 0 and 8, > 0 for each n. For each n, select n/ that satisfies
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the above inequality and call this 2/,. It is clear that z/, ™~ z, but f(z,) is
not non-Newtonian convergent to f(x). Hence we see that if f is not non-
Newtonian continuous, then not every sequence (z,) with x,, = x will yield
a sequence

N

flan) — f(z).
Taking the contrapositive of this statement demonstrates that the condition
of the theorem is sufficient. O

Theorem 2.23. Let (X,dy) be a non-Newtonian metric space and S C X.
Then
(i) a point x € X belongs to S if and only if there exists a sequence ()
in S such that x,, = x (n — 00),
(ii) the set S is non-Newtonian closed if and only if every non-Newtonian

convergent sequence in S has a non-Newtonian limit point that belongs
to S.

Proof. (i) Let z € S. If we consider a sequence (x,) with x,, = « for all n,
then this is a sequence in S such that z, - z. Let z € S~ Thus, for
en =1+ 1/n, we have BY () NS # 0. By choosing z,, € BY (z) N S, we
can set a sequence (x,,) in S such that x,, = x (n — c0). It is easy to prove
the converse.

(ii) This is easily seen from (i). O

3. Main results

We first define the fixed point theorem on non-Newtonian metric spaces and
give some examples.

Definition 3.1. Let X be a set and T' a map from X to X. A fixed point of T'
is a point x € X such that Tx = z. In other words, a fixed point of T is a
solution of the functional equation Tx =z, x € X.

Definition 3.2. Suppose that (X, dy) is a non-Newtonian complete metric
space and T : X — X is any mapping. The mapping T is said to satisfy a
non-Newtonian Lipschitz condition with k& € R(N) if

d(T(z), T(y)) <k x d(z,y)

holds for all #,y € X. If k < 1, then T is called a non-Newtonian contraction
mapping. We now state and prove the non-Newtonian contraction mapping
theorem or the non-Newtonian Banach fixed point theorem.

Theorem 3.3. Let T be a mon-Newtonian contraction mapping on a non-
Newtonian complete metric space X. Then T has a unique fixed point.

Proof. Let xy be an arbitrary point in X. Define the “iterative sequence”

{zn},

2 m
xg, x1 =Txg, x0 =Tx1 =T%x0,...,2, =T 20,
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and now we show that the sequence (z,) is a non-Newtonian Cauchy se-
quence:

AN (T, xn) = dn (T 20, T"x0)
=dpn (Tm:z:o,Tmefnxo)
< k™ X dy (w0, T™ ™x0)
= k"™ % dn (20, Tnm)
< k™ x {dn(zo,21) + - F dn(@Tp-m-1,Tn-m)}
<E™ xdn(mo, 1) {1+ k+EN + - F IV
B kMmN >'<.d.N(x0,m1)-
- 1—-k

If m < n, then since ™~ <1 and dy (zg, 1) € (N) is fixed, we can make

E™MN % dN(l'o,{ZZl)
1~k
as small as we want by taking m sufficiently large. This shows that {z,} is a
non-Newtonian Cauchy sequence. Since (X, dy) is non-Newtonian complete,

there exists a point 2 in X such that z,, =+ z. We now show that « is a fixed
point of the mapping T'. It follows from the triangle inequality that

dy(z,Tz) < dy(z,2,) + dy(z,, T)
<dy(z,xy) + k% dy(xn_1,1).

Since x,, - , it follows that dy(x,T2) = 0 and hence Tz = 2. This shows
that z is a fixed point of T. We conclude the proof by showing that x is
the only fixed point. Suppose that x; is also a fixed point, that is, suppose
Tz, = 1, then

dy(z,21) = dy (T, Txy) < k % dy(z,21)
and since k < 1, this implies that dy(z,z;) = 0 and hence z = z;. O

Corollary 3.4. Under the assumption of the above theorem the iterative se-
quence with arbitrary xo € X converges to the unique fized point x of T'. The
prior error estimates are

. k™mN
dn (T, z) < T

X dy(wo, 1)

and the post error estimates are

>.< dN(mmflaxm)

.k
AN (T, x) < I

Theorem 3.5. Let T be a mapping on a non-Newtonian complete metric
space X into itself. Let T be a non-Newtonian contraction on a closed ball

BN (z0) = {z € X : dy (z,20) <7}
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Suppose that d(zo, Txo) < (1 =~ k) 7. Then the iterative sequence defined by
Ty =T"xg=Tx, 1

converges to an x € BY (x¢) and this x is the unique fized point of T.

Proof. Setting m =0 in

k‘m X dN(l‘o,l‘1)

dN(mma xn) S

)

12k
we have in( )
dy (w0, 3,) < 20T

N(@o,@n) S =7

It follows from dy (g, Txo) < (1 — k)7 that

. d .
dn(xo, xy) < % <

This shows that all the x,,’s are in BY (z¢). Since z,, — = and B (z0) is
closed, it follows that

S Bi\f (.130)
The assertion of the theorem now follows from the proof of the non-Newtonian
contraction mapping theorem. ([l
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