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Abstract. In this paper, we prove some theorems about common fixed point
for two self mappings satisfying some general contractive conditions in vector
metric spaces. Presented results are generalizations of the some well-known
recent fixed point theorems.

Mathematics Subject Classification: Primary 54H25, Secondary 47H10

Keywords: Common Fixed point, Riesz space, Vector metric space

1. INTRODUCTION

A vector metric space is generalization of metric space. This metric is Riesz
space valued. Actually, both vector metric and cone metric are vector space
valued. One of the differences between definition of vector metric and definition
of cone metric is that there exists a cone due to the natural existence of ordering
on Riesz space. The other difference is that our definition eliminates the
requirement for the vector space to have a topological structure.



1736 Duran Turkoglu and Demet Binbasioglu

Recently, many authors have studied on common fixed point theorems for
weakly compatible pairs ([2],[3],[7]). Some of these works is gived in cone
metric spaces ([1],[6],[7],[8]). Cevik and Altun ([4],[5]) prove Baire theorem
and Banach fixed point theorem on vector spaces and give some theorems on
point of coincidence and common fixed points for two self mappings satisfying
some general contractive conditions in vector spaces.

Let T and S be self maps of a set X. If y = T'x = Sx for some x € X, then
y is said to be a point of coincidence and x is said to be a coincidence point
of T and S. If T and S are weakly compatible, that is, they are commuting
at their coincidence point on X, then the point of coincidence y is the unique
common fixed point of these maps [1].

As definition; a Riesz space is an ordered vector space and a lattice. Let F
be a Riesz space with the positive cone E, = {x € E : z > 0}. If (a,) is a
decreasing sequence in F such that inf a,, = a, we write a,, | a.

2. PRELIMINARIES

We shall require the following definitions in the sequel.

Definition 1 ([5]). The Riesz space E is said to be Archimedean if ~a | 0
holds for every a € F, .

Definition 2 ([5]). A sequence (by,) is said to order convergent (or o—convergent)
to b if there is a sequence (a,) in E satisfying a, | 0 and | b, — b |< a, for
all n and written b, — b or o — limb, = b, where | a |= sup{a, —a} for any
a€ k.

Definition 3 ([5]). A sequence (by,) is said to be order-Cauchy (or o—Cauchy)
if there exists a sequence (ay,) in such that a, | 0 and | b, — bytp |< @y, holds
for all n and p.

Definition 4 ([5]). The Riesz space E is said to be o — Cauchy complete if
every o — Cauchy sequence is o — convergent.

Definition 5 ([5]). Let X be a non-empty set and E be a Riesz space. The
function d : X x X — E is said to be a vector metric (or E—metric) if it is
satisfying the following properties:

(i) d(x,y) =0 if and only if x =y,

(i) d(2,y) < d(2,2) +d(y, )

forallx,y, z € X. Also the triple (X, d, E) is said to be vector metric space.

For arbitrary elements x, y, z, w of a vector metric space, the following
statements are satisfied.
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a. 0 <d(z,y);
b. d(z,y) =d(y,z);
d. |d(x,2)—d

(
(y,w) |[< d(z,y)+d(z,w).
)

Definition 6 ([5]). A sequence (z,,) in a vector metric space (X,d, E) vecto-

rial converges (or E—converges) to some x € E, written x, i x, if there is a
sequence (ay,) in E satisfying a, | 0 and d (z,,z) < a, for all n.

Definition 7 ([5]). A sequence (x,) is called E— Cauchy sequence whenever
there exists a sequence (ay) in E such that a, | 0 and d (2, Tn1p) < ap holds
for all n and p.

Remark 1 ([5]). A vector metric space X is called E—complete if each E— Cauchy
sequence in X, E—converges to a limit in X.

There are the following properties;

If z, e x, then

(') The limit = is unique,

(17") Every subsequence of (x,) E—converges to z,

(i11") If also y, 47 y, then d (zy,yn) — d (z,y).

When E = R, the concepts of vectorial convergence and convergence in
metric are the same. When also X = E and d is the concepts of absolute
valued vector metric, vectorial convergence and convergence in order are the
same. When E = R, the concepts of E-Cauchy sequence and Cauchy sequence
are the same.

Remark 2 ([5]). It is well known that R? is a Riesz space with coordinatwise
ordering defined by

(z1,11) < (22,10) © 21 < @3 and y1 < yo for (z1,11), (v2,92) € R
Again R? is a Riesz space with lexicographical ordering defined by (xq,y;) <
(12,92) & o1 < Ty or Ty = To, Y1 < Yo. Note that R? is Archimedean with
coordinatwise ordering but not with lexicographical ordering.

Remark 3 ([5]). If E is a Riesz space and a < ka where a € E, k € [0,1),
then a = 0.

3. MAIN RESULTS

Theorem 1. Let X be a vector metric space with E is Archimedean. Suppose
S a continuous self map on X and T be any self map on X that commutes
with S. Suppose the following conditions is satisfied;

i) T(X) CS5(X)
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i) forallz, y € X, d(Tz, Ty) < ku(x,y) where k € (0,3) is a constant and
u(x,y) € {d(Sx,Sy),d(Sz,Tz),d(Sy,Ty),d(Sx,Ty),d(Sy, Tx)}
iii) S(X) or T (X) is E — complete subspace of X.

Then S and T have the unique common fized point.

Proof. From the condition () implies that starting with an arbitrary zy € X, so
we can construct a sequence {y, } of points in X such that y, = Tx,, = Sx,41,
for all n > 0.

Our aim is prove that {y,} is an E — Cauchy sequence.

Firstly, we show that

k
d (Yny Yns1) < ﬂd(yn_l,yn) for all n > 1. ...(1)

In real,

d (Yny Yns1) = d(Txp, Txpir) < kuy . ...(2)

where u,, € {d (Sx,, Sxpi1),d (Sxp, Tay),d(Stpir, TTpi1),d (STy, Topy),
d(Szpy1,Txy,)}

= {d (ynfla yn) ) d (ynfla yn) ) d (ym yn+1) ) d (ynfla yn+1) ) d (yn: yn)}
- {d (yn—h yn) ) d (yrw yn-‘rl) ) d (yn—lu yn+1) ’ 0}

From (2) it follows four cases;

(D) d(Yn, Ynt1) < kd (Yn—1,9n) < ﬁd (Yn—1,Yn)

(IT) d (Yn, Yn+1) < kd (Yn, Yn+1) and so d (Yn, Ynt1) = 0. In this case (1) follows
immediately, because k < ﬁ

(III) d (ym yTH-I) S kd (yn—h yn-i—l) S kd (yn—ly yn) + kd (ym yn+1) . It follows
that (1) holds.

(IV) d(Yn, Yn+1) < k.0 =0 and so d (Yn, Yn+1) = 0. Hence (1) holds.

Thus by putting A = 7%, d (Y, Ynt1) < M (Yn—1, y») - Now, by using (1) we

have
d (Yns Yns1) < A (Yn-1,Yn) < ... <A"d (Yo, 1), for all n > 1.
Now, for n > m we have
d (yn: ym) <d (yn: yrhl) +d (ynfla yan) +...+d (merl: ym)
< (VTN L+ ) d (Yo, yn)
< 75d (Yo, 1) -
Now, since E is Archimedean then (y,) is an F — Clauchy sequence. Since
the range of S contains the range of 7" and the range of at least one is F—

complete, there exists a z € S (X) such that Sz, 22 2. Hence there exists a
sequence (a,) in F such that a, | 0 and d (Sz,, z) < a,.
Therefore, y, = Tx,, = Sxpi1 e z.

Now, we show that Sz =Tz = z. In this way, note that
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d(Sz,Tz) <d(Sz,TSx,)+d(TSx,,Tz), for all n > 1.

Also we have d (T'Sx,,Tz) < ku, for all n > 1, where

u, € {d(S*z,,Sz),d (S*x,, TSz,),d(Sz,Tz),d(S*z,,Tz),d(Sz, TSxz,)}.

Choose a natural number ng such that for all n > ng, because

TSz, = STz, 2 92 and Sz, g z, then there exists sequences (a,) and
(b,) in E such that a, | 0 and b, | 0 and we have d (Sz,TSz,) < a, and
d (S?z,,Sz) < b,. Thus we obtain the following cases;

Case 1: d(Sz,Tz) < d(Sz,TSx,) + kd (S*z,,Sz) < a, + kb,

Case 2: d(Sz,Tz) <d(Sz,TSxz,) + kd (S*z,,TSx,)
<d(Sz,TSz,) + k(d(S*z,,Sz)+d(Sz,TSx,))
< an+k(b,+a,)

Case 3: d(Sz,Tz) <d(Sz,TSx,)+ kd(Sz,Tz) < 4=

Case 4: d(Sz,Tz) < d(Sz,TSx,) + kd (S2xn, Tz)
< d(Sz,TSx,) + k(d(S*r,,Sz) +d(Sz,T%))
< an+kbn

Case 5: d(Sz,Tz) < d(Sz TSx,) + kd(Sz,STx,)
<(1+k)d(Sz,TSxz,)
< (1+k)a,
< 2a,,.

Since the infimum of sequences on the right side of last inequality are zero,
then d (Sz,Tz) =01ie Sz=Tz. ...(3)

Thus,

d(Sz,2) <d(TzTx,) +d(Tx,, z) <d(Tx,,z) + kv,

where v, € {d (Sz,,Sz),d(Sz,,Tx,),d(Sz,Tz),d(Sx,,Tz),d(Sz,Tx,)}
={d(Sz,,Sz),d(Szy,, Tx,),0,d(Sz,Tz,)}.

Choose a natural number ng such that for all n > ng we have

d(Szp,z) <c,and d(Txp,2) <d,, as ¢, | 0and d, | 0.

Again, we have the following cases;

Case 1”: d(Sz,z) <d(Tx,,z)+ kd (Sx,, Sz)

<d(Txp,z)+ kd(Szy, z) + kd(z,52)

dn“l‘k‘cn
S T

Case 2": d(Sz,2) <d(Txy,z)+ kd (Sx,, Tz,)
<d(Txp,z)+ kd(Szy, z) + kd (2, Tz,)
<d, + ke, + kd,
=(1+k)d,+ ke,

Case 31 d(Sz,2) <d(Tx,,z) + k0=d(Tx,,2) <d,

Case 4: d(Sz,2) <d(Txy,,z) + kd (Sz,Tx,)
<d(Txp,z)+ kd(Sz,z) + kd(z,Tx,)
<d, + kc,, + kd,
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= (14 k)d, + kc,.

Therefore, since the infimum of sequences on the right side of last inequality
are zero, then d (Sz, z) that is Sz = z.

Finally from (3) Sz = Tz = z and so z is a common fixed point for S and
T. If z is another point of common then z; = T'z; = Sz;. Now from (2)

d(z,z1) =d(Tz,Tz) < ku(z, z1)

where

u(z,21) €{d(Sz,521),d(Sz,Tz),d(Sz,Tz),d(Sz,Tz),d(Sz,T=2)}

={0,d(z,2)}.
Hence d (z,z;) = 0 that is z = 2.
Therefore z is an unique common fixed point for S and 7. O

Corollary 1. Let X be an vector metric space with E is Archimedean. Sup-
pose S is a continuous self map on X and T be any self map on X that
commutes with S. Further let S and T satisfy T (X) C S(X) and that for
some constant k € (0,1) and every xz,y € X, d(Tx,Ty) < kd (Sz,Sy). Then
S and T have an unique common fixed point.

Theorem 2. Let X be a vector metric space with E is Archimedean. Suppose
S? is a continuous self map on X and T be any self map on X that commutes
with S. Suppose the following conditions is satisfied;
i) TS (X) C S*(X)
i) forallz, y € X, d(Tz, Ty) < ku (z,y) where k € (0,3) is a constant and
u(x,y) € {d(Sx,Sy),d(Sz,Tz),d(Sy,Ty),d(Sx,Ty),d(Sy, Tx)}
iii) S(X) or T (X) is E — complete subspace of X.

Then S and T have the unique common fized point.

Proof. From the condition (7) implies that starting with an arbitrary xy € SX,
we can construct a sequence {y,,} of points in SX such that y,, = Tx,, = Sx,41,
for all n > 0.

Now Syni1 = STxpi1 = TSxpy1 = Ty, = zn, n > 1. We prove that {z,}
is an F — Cauchy sequence and hence convergent to some z € X (as in the
Theorem (1)). Further we shall show that S?z = T'Sz.

Because; lim Sy, = lim STx, = limTSx, = lim Ty, = limz, = z, it
follows that o o o o o

lim Sz, = lim S*Tx, = lim T'S%z,, = S?z, since S? is continuous. Now,

n—oo n—oo n—:oo

we obtain
d(S?z,TSz) < d(S%z,5°Tx,) + d(S*Tx,, TSz) < d(5%z,5°Tx,) + kuy,
where
u, € {d(S*z,,S?z2),d (S, TS3x,),d(S*2,TSz),
d (S, TSz),d(S*2,TS*z,)}.
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Choose a natural number ng such that for all n > ng, because
S3Tx,, e S22 and Sz, e S22z, then we have d (S%z,5%Tz,) < a, and
d(S*z,,S?2) < b,, as a, | 0 and b, | 0. Again we have the following cases;

Case 1: d(S%2,TS2) < d(S%z,5%Tx,) + kd (S*z,, S?2) < a, + kb,

Case 2: d(S%2,TS2) < d(5%2,9%Tx,) + kd (S*z,, TS3z2)
< (522, ST x,) + k (d (S*2, S%2) + kd (S22, TS%2,,))
< an+k (b, +a,) = (1+k)a, + kb,.

Case 3: d(S%2,TSz) < d(S%z,8%Tx,) + kd (S?2,TSz) < £

Case 4: d(S%2,TSz) < d(5%z,9%Tx,) + kd (S*z,, TSz)
<d(8%z,83Tx,) + k(d (S*z,, S*2) + d (5?2, TSz))

an+kbn
S

Case 5: d (5%2,TSz) < d(5%z,5°Tx,) + kd (5*2,TS>z,)
<a,+ kan
< (14 k)a,.

Therefore, since the infimum of sequences on the right side of last inequality
are zero, then d (S?z,TSz) = 0 that is S?2 = T'Sz and so T'Sz is a common
fixed point for S and 7. Indeed, putting in d (Tz,Ty) < ku (z,y), v = TSz,
y = Sz we get T (T'Sz) = T'Sz. Because S?z = T'Sz i.e. S(Sz) =T (Sz), we
have S (T'Sz) =TS?*: =T (T'Sz) =TSx. O

Example 1. Let E = R? with coordinatwise ordering (since R? is not Archimedean
with Lexicographical ordering, then we can not use this ordering) X = R,
dz,y)=(a|z—y|,B|lz—vy]), a,3>0, Te =2*+2, Sx =32 Then,
for all x,y € X we have
d(Tz,Ty) = (o | 2* —y* |, B | 2* = y* |) = 3d (Sz, Sy) < kd (Sz, Sy)
fork € [3,1), T(X) = [2,00) C [0,00) =S (X) and T (X) is E — complete
subspace of X and S is a continuous self map on X. Therefore all conditions
of Corollary (1) are satisfied. Thus T and S have an unique common fized
point.
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